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The distortion due to a fixed point impurity with variable charge placed in the center of a classical harmonically confined two-dimensional (2D) large Coulomb cluster is studied. We find that the net topological charge
共N− − N+兲 of the system is always equal to six independent of the position and charge of the impurity. In
comparison with a 2D cluster without impurity charge, only the breathing mode remains unchanged. The
screening length is found to be a highly nonlinear function of the impurity charge. For values of the impurity
charge smaller than the charge of the other particles, the system has almost the same screening strength. When
the impurity charge is larger, the screening length is strongly enhanced. This result can be explained by the
competition between the different forces active in the system.
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I. INTRODUCTION

Wigner-like ordered systems have been the subject of intense interest over the past few decades. Systems consisting
of a finite number of particles with repulsive interparticle
interaction which are kept together by an external confinement potential have been realized recently. Typical experimental realizations of such 2D systems include electrons on
the surface of liquid helium [1], electrons in quantum dots
[2], colloidal suspensions [3] and confined plasma crystals
[4].
Colloids and dust particles are sufficiently large that the
particle movement can directly be observed by an optical
microscope. These systems are extensively studied to understand the freezing and melting; and the fundamental dynamic
processes, i.e., phonon propagation and normal modes. An
interesting feature in such finite size systems is the appearance of topological defects. Unlike ordinary solids which
have complicated interparticle potentials, in such systems the
interparticle interactions are in most cases precisely known
and easily controlled by the experiment. Much experimental
[5–7] and theoretical work [8–13] was devoted to the study
of those topological defects in an infinite 2D classical
Wigner crystal and recently also in a finite size system.
Classical point charges in a 2D infinite plane crystallize
into a hexagonal lattice at low temperatures [14]. When the
particles are confined by an external parabolic potential,
there is a competition between the interparticle potential to
form the bulk hexagonal lattice and the ringlike structure at
the edge imposed by the circular confinement potential [15].
In the transition region defects appear as dislocations and
disclinations at the six corners of the hexagonal-shaped inner
domain in the specific case of pure Coulomb interaction [13].
However, in real experiments clusters are not always
clean, impurities and/or defect particles with deviating mass
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and/or charge can be present. It will be very interesting to
know the general role of the impurity potential on the ordered (lattice) structure. How such an impurity potential affects essential characteristics of a system such as, the topological charge, the density of states (DOS) of the normal
modes, and the normal modes of the system, requires extensive studies.
Recently, the influence of a single mobile defect particle
on the structure of a small classical 2D cluster was investigated [16], which explained recent experimental results of
the configurations of a system of rotating magnetic disks [6].
Theoretical work on the structure of classical clusters consisting of two-species of charged particles with the same
mass was reported recently [17], where it was found that the
species with the largest charge move towards the outer edge
of the system. Recently, the analog quantum system (also
called quantum dot) was studied in Refs. [18,19] in the case
of a small number of electrons. Interesting, reentering of the
Wigner crystal state was predicted [18] as a function of the
magnetic field. Very recently, nonlinear quantum screening
in 2D electron gases was also investigated in Ref. [20] by
using the density functional theory method.
In this work, we study the screening of a single fixed
impurity (defect) with variable charge in a large 2D classical
Coulomb system which is confined by a circular parabolic
potential. This case is essentially different from the previous
studied system [16]: (1) The impurity is immobile, i.e., has
an infinite mass, and (2) we consider large systems. Also
unlike the study of Ref. [17] this impurity can have an arbitrary charge. In contract to Refs. [16,17] we will also investigate the topological charge and the normal modes of the
system.
The present paper is organized as follows. In Sec. II, the
model system and the numerical approach are described.
Section III is devoted to the ground state configuration and
topological defects. The normal modes are presented in Sec.
IV. In Sec. V, the nonlinear screening of the impurity charge
in these clusters are discussed. Our conclusions are given in
Sec. VI.
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FIG. 1. The displacement of the particles for different values of the impurity charge q. The impurity is situated in the center and its
position is indicated by the solid dot. The arrows show the direction and length of the particles’ displacement.
II. NUMERICAL APPROACH

The Hamiltonian of a 2D system of N equally charged
particles in the presence of a single impurity with arbitrary
charge placed in a parabolic confinement potential and interacting through pure Coulomb interaction is given by
N
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where m is the mass of the mobile particles, 0 the radial
confinement frequency,  the dielectric constant of the medium the particles are moving in, e the particle charge, q the
impurity charge located at rជq, and rជi = 共xi , y i兲 the position of
the i particle with ri ⬅ 兩rជi兩, where the third term in Eq. (1)
corresponds to the interaction between the mobile identical
particles and the single fixed impurity with charge q.
We can write the Hamiltonian in dimensionless form if we
express the coordinates and energy in the following units
[15]: r0 = 共e2 /  / ␣兲1/3, E0 = 共e2 / 兲2/3␣1/3, with ␣ = m20 / 2. The
dimensionless Hamiltonian is given by
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To find the thermodynamic equilibrium configurations, we
employed the Newton optimization technique after the standard Monte Carlo (MC) routine [21]. This procedure was
outlined and compared with the standard MC technique in
Ref. [22]. The eigenmode frequencies are obtained from the
square root of the eigenvalues of the dynamical matrix [22]
H␣␤,ij =

冏
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where 兵r␣n ,i , ␣ = x , y ; i = 1 , . . . , N其 is the position of the particles in the ground state configuration. The eigenfrequencies
in this paper will be expressed in units ⬘ = 冑20.
III. GROUND STATE CONFIGURATIONS
AND TOPOLOGICAL DEFECTS

In order to investigate the influence of the impurity, we
consider clusters which are large enough to show a hexagonal lattice structure in the center. This is realized starting
from around N = 100 particles, although larger systems will
also be simulated.

First, the ground state of a cluster with equal charges with
one impurity fixed in the center is obtained. The displacement of the particles due to the presence of the impurity
which is located in the center of the cluster is shown in Fig.
1 for N = 100 particles and different values of the charge q of
the impurity. The vectors show the direction and length of
the displacement of the particles as a consequence of the
introduction of the impurity. From Fig. 1, we notice that
when the impurity charge q 艋 1, only the center particles
which are very close to the impurity are mainly displaced, in
spite of the long range Coulomb interaction between the particles. In fact, a very small screening length was observed in
this case. This will be discussed in more details in the next
section. For larger values of the impurity charge, more particles are influenced. As can be seen in Fig. 1, the particles
undergo vortex-like movements. This is a consequence of the
circular confinement potential which keeps the particles in a
finite region. Such a motion does not lead to any compression and guarantees the same density. For large values of the
impurity charge the distortion in the lattice is larger and it
propagates further away from the center of the cluster.
Next we resort to the Voronoi construction [23] in order to
investigate the ordering of the particles and to reveal the
topological nature of the particles arrangement. A detailed
study of the topological defects in a confined 2D Coulomb
cluster, in the absence of the impurity, was previously reported in Ref. [13]. These defects appear as a consequence of
the adjustment of a triangular lattice to a circular region.
However, when an impurity charge is present, and depending
on its value, the number of defects increases.
In Fig. 2 we show the Voronoi constructions of the
ground-state configuration of a cluster with N = 100 particles
and with an impurity charge of variable value fixed at the
point (0, 0). The quantity N− (indicated by “⫺”) means an
orientational defect with fivefold coordination number, while
the quantity N+ (indicated by “⫹”) means an orientational
defect with seven fold coordination number (the number of
sides of the polygon around the particles is nothing else then
the coordination number). In the absence of the impurity
charge, the ground state configuration of the system with N
= 100 particles presents the minimum number of defects, i.e.,
six, which is equal to the net topological charge. In addition,
all topological defects are located at the transition region
which is between the central hexagonal structure and the
outer rings.
When the system has one identical impurity charge 共q
= 1兲 at the center, the number of defects is still equal to six,
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FIG. 4. Vector plot of the lowest nonzero eigenfrequency for the
cluster with N = 100 particles for different values of the impurity
charge q.

FIG. 2. The Voronoi structure where the defects (i.e., disclinations) are indicated by “2⫹” for an 8-fold, “⫹” for a 7-fold and by
“⫺” for a 5-fold coordination number.

and all of them are located in the transition region of the
cluster. For larger values of the impurity charge, topological
defects start to appear in the center region of the cluster, and
the lattice distortion gets bigger. Because a large impurity
charge will strongly repel the neighboring particles, an
empty space will appear in the center region. As a consequence the hexagonal lattice structure is strongly distorted
and more defects will appear around this circle. Notice that
some defects near the circle can have an eightfold coordinate
number (indicated by “⫹2”), which does not happen in 2D
clusters in the absence of the impurity charge. However, we
want to stress that for all values of the impurity charge, the
net topological charge N− − N+ is always equal to six.
Another interesting phenomena is that the total number of
defects 共N− + N+兲 first increases with increasing impurity
charge till q ⯝ 2.4. Further increasing the impurity charge
leads to a decrease of the total number of defects. This can
be explained together with the nonlinear screening behavior
in the next section by the competition between the different
forces active in the system.
In Fig. 3 we present the Voronoi construction for the
ground state configurations in the cases of two particular
values of the impurity charge, i.e., q = 1 and q = 2. In addition

the impurity’s position is moved away from the center of the
system. As can be observed, the net topological charge N−
− N+ of the system, in spite of the different values and positions of the impurity charge is always equal to six.
These results are in agreement with the Euler theorem [8],
which is based on the circular symmetry of the confinement
potential. It is clear that the presence of the impurity does not
change the net topological charge.
IV. NORMAL MODES

For systems without impurity, it is known that the lowest
nonzero excitation corresponds with an intershell rotation for
small clusters and with a vortex-antivotex motion for large
clusters [22]. Figure 4 shows some examples of these lowest
nonzero frequency (LNF) modes for N = 100 particles in the
presence of an impurity charge q. Notice that for q ⬍ 5, a
vortex-antivortex excitation still corresponds with the LNF,
while for larger values of the impurity charge 共q 艌 5兲 the
LNF mode corresponds to a circular motion around the impurity and concomitant smaller local circular motions near
the edge.
For a parabolic confinement, it is well known that there
are three eigenfrequencies which are independent of N [22]:
 = 0,冑2 and 冑6, which correspond to the rotation of the
system as a whole, the center of mass (c.m.) mode and the
breathing mode (BM), respectively. The BM mode was recently measured experimentally [24,25]. In the system with a
central impurity, the rotation of the system as a whole does
not change, because the symmetry of the system is not broken. The c.m. mode is destroyed by this fixed impurity and
the new mode will go around the impurity in the center, so it
can no longer be called a c.m. mode.
However, the BM mode with  / ⬘ = 冑6 still survives and
its value does not depend on the charge of the impurity. This
can also be obtained analytically. From Eq. (2), the Hamilton
equation of motion yields
N

v̇xi = −
FIG. 3. The same as Fig. 2 but where now the impurity charge is
displaced from its central location. The upper (lower) row of figures
corresponds to an impurity with single (double) charge and results
are given for different positions of the impurity rជq.

xi − xq
H
xi − x j
= − 2xi +
3.
3 + q兺
 xi
兩ri − r j兩
i⫽1 兩ri − rq兩

共4兲

Here the impurity is fixed in the center, so rជq ⬅ 共xq , y q兲
= 共0 , 0兲. With this result, one obtained for the mean square
radius R2 = 兺N1 共x2i + y 2i 兲, then
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FIG. 6. Density of phonon states for clusters with N = 500 particles in the presence of a central impurity for different values of the
impurity charge q.
FIG. 5. The breathing modes for some particular values of the
impurity charge q for the clusters with N = 100 and N = 500 particles.
In all cases, the BM has the same frequency ⬘ = 冑6.

tatively its overall shearlike and compressionlike character
when an impurity is present even when the impurity charge
is increased.

2
d 2R 2
= − 6R2 + 共H + T兲,
dt2
N

V. NONLINEAR SCREENING

共5兲

with T = 兺i共ẋ2i + ẏ 2i 兲 the total kinetic energy. So we see that the
breathing mode still survives with frequency 冑6 for the system with a fixed central impurity.
We plot in Fig. 5 several typical cases for the breathing
mode for N = 100 and N = 500 particles in the case the impurity is located in the center of the confinement potential. But
when the impurity is not in the center, the BM is strongly
modified and its frequency is different from冑6.
The density of states (DOS) of the normal modes
(phonons), in the absence of the impurity, was investigated
before [22]. This is obtained by a summation of the energy
levels within some small energy region. It shows that all
large clusters have two clear broad maxima which is in qualitative agreement with the case for an infinite system [14]. We
compare the DOS for a large system with N = 500 particles
with the situation for a fixed central impurity with two different values of its charge, i.e., q = 1, 2.6. Here a larger system with N = 500 particles is considered and we take ␦
= max / 20 as the frequency interval, where max is the maximum eigenfrequency. In Fig. 6, one can see that the system’s
DOS does not change too much in these two cases with or
without the fixed impurity. As we know, a finite confined
cluster has compressionlike and shearlike modes. The compressional and shearlike properties can be extracted from the
divergence and rotor of the velocity field, respectively. In
this paper, we will associate a single number to the shearlike
and compressionlike character of the different modes by calculating the spatial average of the square of the divergence
ជ · vជ and the rotor 共ⵜ
ជ ⫻ vជ 兲 of the velocity field, following the
ⵜ
z
approach of Refs. [22,26,27].
We plotted in Fig. 7 the divergence d共k兲 and rotor r共k兲
as a function of the excitation frequency for N = 500 particles
for different values of the charge of the impurity. One can
see from this picture that the system does not change quali-

Screening of the impurity charge is a fundamental property of a gas of charge carriers. Such a screening is characterized by the displacement of the carriers when an impurity
is placed in a uniform gas of carriers [28].
We investigate the behavior of the screening length as
function of the charge of the impurity for a large 2D cluster
with N = 500 charged particles. In order to quantify the influence of the impurity charge on the system, we will consider
here an average deviation of the particles’ position before

FIG. 7. Divergence d共k兲 (solid dots) and rotor r共k兲 (open
dots) as a function of the excitation frequency for N = 500 particles
for different values of the impurity charge q.

051807-4

PHYSICAL REVIEW E 70, 051807 (2004)

NONLINEAR SCREENING IN LARGE TWO-…

FIG. 8. The deviation ⌬ of the radial position of the particles as
function of r for different values of the impurity charge q for a
system consisting of N = 500 particles. The inset shows ⌬ in a logarithmic scale.

and after the impurity charge is placed in the system. To do
so, we initially define, for each particle, the displacement due
− rជ before
兩.
to the presence of the impurity charge ⌬i = 兩rជ after
i
i
The system is divided into 25 concentric rings with a
certain width each containing 20 particles. In every ring i an
average displacement is calculated ⌬ j = 兺⌬i / 20 where the
summation i sums over the particles in ring j. In this way we
obtain the average deviation ⌬ as a function of the distance
in the radial direction from the center of the cluster.
In Fig. 8, we present ⌬ as a function of the distance along
the radial direction r, for different values of the impurity
charge q in a cluster with N = 500 particles. The inset shows
the same plot, but in a logarithmic scale. As can be observed,
the edge particles are much less affected by the impurity
charge than the central particles. The interaction between the
impurity and the particles clearly presents two different regimes, which are related to the value of the impurity charge.
When q ⬍ 1, the quantity ⌬ becomes almost zero at the extremity of the cluster, indicating that the interaction is
strongly screened. On the other hand, when q ⬎ 1, the quantity ⌬ is considerable larger even at the edge of the cluster.
Notice also that the value of ⌬ at the border of the system
seems to saturate when q ⬎ 2.
We fit these deviation curves ⌬共r兲 using the function (i.e.,
Yukawa potential formation)
⌬ri = ␣共e−ri//ri兲 + r0 ,

FIG. 9. The screening length as a function of the impurity
charge q for clusters consisting of N = 500 particles. The inset shows
the q dependence of the radial displacement at large distances from
the impurity. The dotted lines show the extrapolated small and large
q behavior.

with a r0 − q linear dependence for q ⬍ 0.5 and q ⬎ 1, and a
transition region for 0.5⬍ q ⬍ 1.
This nonlinear screening behavior can be understood as
follows. From Fig. 1, we know that for small values of q till
q ⬍ 1.2 the particles near the central region have much larger
displacements than the particles near the edge, which are less
influenced by the external impurity charge. In this case the
system is strongly screened. By increasing the impurity
charge q, the radius of the system grows linearly [see Fig.
10(b)]. However, the displacement of the particles is not homogeneous in the clusters. The maximum of the screening

共6兲

where  is the screening length, ␣ a constant and r0 is a
measure of the expansion of the system as a whole. The
results for the screening length as a function of the impurity
charge q are shown in Fig. 9. There is a clear nonlinear
relationship between the screening length  and the impurity
charge q. The screening length is almost constant for q ⬍ 0.5,
it rapidly increases with increasing value of the impurity
charge, in the interval 0.5艋 q 艋 1. For 1.0艋 q 艋 1.2, the
screening length reaches its maximum value. When q ⬎ 1.2,
the screening parameter decreases slowly with increasing
value of the impurity charge. In the inset of Fig. 9, we notice
that the r0 − q dependence exhibits three different regimes

FIG. 10. The energy (a) and radius (b) of the system as a function of the impurity charge q. The inset of (a) shows the energy of
the system as a function of r0.
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length is reached for q = 1.0–1.2. In this case the difference
between the displacements of particles around the center and
the edge is largest. At the same time, more defects will appear in the system. Further increasing the impurity charge q
leads more and more to a homogenous displacement in all
regions (i.e., a central hole is created by the impurity as is
clearly seen in Fig. 4 and 5), leading to a decrease of the
screening length.
The nonlinear behavior of the screening length is a consequence of the balance among the effect of the impurity
repulsive force, the interaction between the charged particles
of the system, and the circular confinement potential.
We plot the energy and outer radius of the system as a
function of the impurity charge q in Fig. 10. In the inset of
Fig. 10(a), the energy of the system as a function of r0 is
shown. Notice that both the energy and the radius of the
system present an almost linear dependence on the impurity
charge. The size of the system linearly increases with the
impurity charge [Fig.10(b)]. Notice that the outer radius and
the uniform increment r0 [see Eq. (6)] do not have a one-toone relation because of the first term on the right hand side
of Eq. (6) which is different from zero at the edge of the
system. From the inset of Fig. 10(a), we notice two regimes
with a different linear E − r0 dependence. The transition region occurs for r0 ⯝ 0.01 which corresponds to q ⯝ 1 and this
is just the region where  is maximal.

All interactions are pure Coulombic. The ground-state configuration is obtained through the Monte Carlo simulation
technique. The presence of an impurity charge in the system
does not modify the net topological charge 共N− − N+兲 of the
system, which is always equal to six. In comparison with a
2D cluster without impurity charge, only the breathing mode
remains unchanged if the impurity is located in the center of
the confinement potential. The DOS and the shearlike or
compressionlike character of normal modes of the system do
not change considerably by this impurity as well. A clear
nonlinear relationship between the screening length  and
the impurity charge is found. For values of the impurity
charge smaller than the charge of the other particles, the
system has almost a screening strength independent on the
charge of the impurity. For larger values of the impurity
charge, the system exhibits a clear nonlinear screening
length. This result can be explained by the competition between the different forces active in the system.
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