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Evidence for a different type of vortex that mediates a continuous fluxoid-state transition
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The magnetic field response of a mesoscopic superconducting ring with an inside hole positioned off-center
is studied by using the multiple-small-tunnel-junction method, by which the strengths of the superconductivity
at the narrowest and the widest parts of the ring are detected separately and simultaneously. We observed
continuous and reversible transitions between adjacent fluxoid states at temperatures close to the onset of
superconductivity. Our findings are in agreement with numerical ones based on the Ginzburg-Landau theory,
and show that in such continuous transitions, a different type of vortex nucleates at the narrowest part of the
ring in the case of a low flux and at the widest part for a larger flux. The former corresponds to a onedimensional vortex, which has been predicted theoretically for more than a decade.
DOI: 10.1103/PhysRevB.76.094519
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I. INTRODUCTION

In mesoscopic superconductors, which have sizes comparable to the superconducting coherence length  or the magnetic penetration depth , the quantum confinement effect
dramatically modifies the superconducting properties. Recent
development of nanofabrication techniques as well as
progress in the numerical simulation methods allow one to
investigate such new quantum effects both experimentally
and theoretically. For example, in mesoscopic thin films, the
confinement leads to the formation of novel vortex states
such as giant vortex states, multivortex states,1–9 and vortexantivortex molecules.10–14 Some of them have been confirmed experimentally.15–21 For mesoscopic rings, theories
have predicted that the transition between different fluxoid
states may lead to reversible and continuous variation of related physical quantities, such as magnetization, supercurrent, and superconducting order parameter, when the cross
section of the ring varies along the circumference. This is
associated with the nucleation of a novel type of vortices.22,23
Note that either in bulk hollow cylinders 共rings兲 or in films of
type-II superconductors, transitions between quantum states
with different fluxoid quantum numbers 共or vorticities兲 are
discontinuous and irreversible. In this paper, we focus on the
vortex state which mediates reversible and continuous
fluxoid-state transitions in an asymmetric ring.
The unconventional behavior in mesoscopic rings was
first derived in the one-dimensional 共1D兲 limit.24–30 In the
1980s, it was found that in a 1D ring with an attached lead,
a magnetic flux ⌽ induces a nonuniform distribution of the
order parameter, and the order parameter vanishes at one
point of the ring when ⌽ = ⌽0 / 2 共⌽0 is the magnetic flux
quantum兲.24–26 Later, Berger and Rubinstein27,29 found that
in the 1D limit in a ring with nonuniform cross section, there
is a stable superconducting state at the onset of superconductivity in which a part of the sample is normal, leading to a
singly connected superconducting state. At a lower temperature, there is a critical point at which the magnetic suscepti1098-0121/2007/76共9兲/094519共8兲

bility diverges. Some of us23 pointed out that the phase of the
superconducting order parameter jumps by  at the point
where the order parameter vanishes, having the property of a
vortex. They called it a 1D vortex. The analyses were extended to rings with finite and nonuniform cross section, allowing the variation of the order parameter in the radial direction, and the properties corresponding to the 1D case were
obtained as described below.22,23
The present vortex is predicted to have the following
properties:22,23 共i兲 This vortex is stabilized only in mesoscopic superconducting rings having diameter smaller than
the coherence length  and nonuniform cross section. Its existence is irrespective of the type of superconductor 共type I or
II兲. 共ii兲 Analogous to the Abrikosov vortices in type-II superconductors, the superconducting phase changes by 2 when
encircling the core. Besides, the present vortex can be located even at the sample boundary. In this case, the vortex
can be identified by the phase change of  when going
through the core. This is in contrast to the Abrikosov vortex
that is unstable when the distance to the boundary is too
short. Furthermore, the present vortex can be stabilized in a
thin ring with width smaller than , where the vortex becomes highly anisotropic and the region where the order parameter ⌿ is close to zero extends over the whole width.
This vortex corresponds to a 1D vortex derived in the 1D
limit.23 共iii兲 The vortex exists only in a narrow range of applied magnetic flux in the vicinity of a half-integer number
of flux quanta: as the applied flux is increased 共decreased兲, a
vortex core appears at the outer 共inner兲 edge of the ring,
moves continuously toward the inner 共outer兲 edge, and disappears at the inner 共outer兲 edge. Thus, this vortex, also nicknamed a flux-induced vortex in Ref. 22, exists as a stable
intermediate state during a transition between different fluxoid states. This fluxoid-state transition is reversible and continuous, in contrast to the usual transitions in rings which
exhibit clear hysteresis and a jump in the current circulating
around the loop.31 Besides, the vortex differs from the usual
Abrikosov vortex in a film: in the latter case, when a vortex
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FIG. 1. A schematic view 共left兲 and a scanning electron micrograph 共right兲 of the sample. Two Cu leads are connected to an Al
asymmetric ring through highly resistive small tunnel junctions
共shaded areas兲. An Al drain is directly connected to the widest part
of the ring. This structure was fabricated using e-beam lithography
followed by double-angle evaporation of Al and Cu. After the Al
film was deposited, its surface was slightly oxidized to provide a
tunnel barrier.

is nucleated at the sample edge, it inevitably jumps deep
inside the sample at the same magnetic field, and it does not
disappear at higher magnetic fluxes. 共iv兲 For a mesoscopic
ring with an off-centered hole, the vortex passes through the
narrowest part of the ring for small magnetic fluxes, and
through the widest part for large fluxes.
Although up to now several experimental studies were
performed on mesoscopic rings and some of them observed a
continuous transition between fluxoid states, there has been
no clear experimental confirmation of this vortex.32–38 In the
present paper, we experimentally demonstrate the penetration
of vortices in asymmetric rings as a stable intermediate state
in fluxoid-state transitions. Our results are confirmed with
theoretical calculations based on the Ginzburg-Landau 共GL兲
theory.
The paper is organized as follows. In Sec. II, we describe
the experimental setup. In Sec. III, we present the theoretical
formalisms used to obtain the numerical results. The experimental results together with the theoretical ones are described in Sec. IV. In Sec. V, we discuss the properties of the
vortex state found in the present experiment in more detail.
Finally, in Sec. VI, we summarize our results.

II. EXPERIMENT

To experimentally detect the properties of vortices expected for nonuniform mesoscopic rings, we probed the local
strength of superconductivity. Here, we used the multiplesmall-tunnel-junction 共MSTJ兲 method,18 in which several
small tunnel junctions with high tunnel resistance are attached to a mesoscopic superconductor to simultaneously detect small changes in the local density of states 共LDOS兲 under the junctions. Since the LDOS depends on the local
superconducting energy gap ⌬, and hence the Cooper-pair
density 兩⌿兩2, the MSTJ method allows us to compare the
strength of superconductivity under the different junctions.
Figure 1 shows a schematic view and a scanning electron
microscopy image of the sample. Two normal-metal 共Cu兲
leads cover the narrowest and the widest parts of a superconducting Al ring with an off-centered hole 共outer radius ro
= 0.42 m, inner radius ri = 0.18 m, displacement of the inner center a = 0.10 m, and thickness d = 30 nm兲, forming

small Al/ AlOx / Cu tunnel junctions 共shaded areas兲 with
nominal tunnel resistance of several tens of kilohms. The
ring is connected to an Al drain lead at the widest part. The
sample was fabricated using e-beam lithography followed by
double-angle evaporation of Al and Cu in a chamber with a
base pressure of 2 ⫻ 10−8 Pa. The superconducting coherence
length 共T = 0兲 was estimated to be 0.15± 0.04 m from the
residual resistance of Al films prepared in the same way. The
superconducting transition temperature at zero magnetic field
was Tc = 1.36 K.
The sample was cooled in a dilution refrigerator that was
equipped with low pass noise filters for measurement lines in
the lowest temperature part. In the measurement, we connected a current source to each Cu lead and measured the
current-voltage characteristics of the two junctions simultaneously as functions of the perpendicular magnetic field and
the temperature. The sweep rate of the magnetic field was
3 mT/ min.
III. THEORETICAL FORMALISM

The numerical study of the experimental results was carried out using the two kinds of theoretical formalism used in
Refs. 22 and 23.
A. Perturbation method

At the onset of superconductivity, the GL equation for the
electromagnetic potential becomes irrelevant and the GL
equation for the order parameter becomes a linear eigenvalue
equation. Moreover, if there is cylindrical symmetry, the dependence on the coordinates 共r , 兲 can be separated and the
possible solutions for the order parameter are
⌿共L兲共r, 兲 = RL共r兲e−iL ,

共1兲

where L is an integer. The functions RL共r兲 and the temperatures for the onset of superconductivity can be evaluated
analytically.39 The most interesting situation is that in which
⌿共L兲 and ⌿共L+1兲 have the same eigenvalue. Let us denote the
temperature and field at which this happens by TL and HL,
respectively.
Much can be learned by extending perturbatively the analytic results to situations in which the temperature is near the
onset of superconductivity and the sample is close to cylindrical symmetry. In our experiment, low temperatures were
reached and the sample was very eccentric; therefore, the
perturbative approach gives just a crude approximation and
the numerical method of the following section will be required. Nevertheless, the qualitative features predicted by the
perturbative approach remain valid.
The perturbative treatment was performed in Ref. 40. In
the following, we review those results that we will use for
comparison with our experimental data. We define an eccentricity parameter

␤=2

冕

2

0

w共兲cos共兲d

冒冕

2

w共兲d ,

共2兲

0

where w共兲 is the distance between the inner and outer
boundaries of the sample, measured along the line that forms
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the angle  with the line where the sample is narrowest. We
also define the quantities
AL = 2r−2
o

冕

ro

共Lr − bLr3兲RL2 dr,

共3兲

ri

where ri and ro are the inner and outer radii of the unperturbed 共symmetric兲 sample, bL = HL / ⌽0,

冕

BL =

冋

ro

冉

L
ro

共4兲

rRL2 dr,

B. Numerical method

ri

冉

共r0 − ri兲ro Tc0 − TL
L+1
− b Lr o −
CL =
2
2
 共0兲Tc0
ro
⫻ b Lr o −

Ref. 40. Note also that these quantities depend on the normalization of RL, but TLcrit and HLcrit do not.
We point out that for the fluxoid value at which CL
changes sign, CL is expected to be small. In view of Eqs. 共8兲
and 共9兲, it follows that for this fluxoid number, the critical
point is close to 共HL , TL兲. As a consequence, for this value of
L, the vortex-mediated passage occurs only in a particularly
small temperature range.

冊册

冊

RL共ro兲RL+1共ro兲,

共5兲

where Tc0 is the critical temperature at zero magnetic field
and 共0兲 is the coherence length at zero temperature,
QL =

冕

ro

rRL4 dr

For the numerical method,23 we follow the approach of
Refs. 2 and 3, and numerically solve the two nonlinear GL
equations self-consistently. Here, the demagnetization effect
is fully taken into account. Since d Ⰶ  , , it is allowed to
average the GL equations over the sample thickness. Using
ជ = 0 for
dimensionless variables and the London gauge div A
ជ , we write the system of GL equations
the vector potential A
in the following form:

ជ − Aជ 兲2⌿ = ⌿共1 − 兩⌿兩2兲,
共− iⵜ
2D

共6兲

共10a兲

ri

and
SL = 2

冕

ro

ជ=
− ⌬3DA
2
rRL2 RL+1
dr.

共7兲

ri

We also define AL+1
⬘ , BL+1
⬘ , and QL+1
⬘ ; these are obtained by
the substitution L → L + 1 in the winding number L in Eqs.
共3兲, 共4兲, and 共6兲, while the temperature and the field 共and bL兲
are left unchanged.
From the perturbation analysis, we obtain that there is a
critical point near 共HL , TL兲, which we denote by 共HLcrit , TLcrit兲.
The critical point is located within the superconducting region. When the passage between the fluxoid states L and L
+ 1 occurs at a temperature above TLcrit, it is continuous and
mediated by a vortex. If CL ⬎ 0, then the vortex passes
through the narrowest part of the sample; if CL ⬍ 0, then it
passes through the widest part. It turns out that CL ⬎ 0 for
small values of L and becomes negative as L increases;
therefore, the vortex passes through the narrow part of the
sample for small L and through the wide part for large L. The
first value of L for which CL is negative depends on the ratio
ro / ri; the larger this ratio, the smaller the value of L for
which CL becomes negative. For temperatures below TLcrit,
the passage between L and L + 1 is discontinuous.
To leading term, the position of the critical point is
TLcrit = TL −

⬘ 兲1/4共AL冑QL+1
⬘ − AL+1
⬘ 冑QL兲
2兩␤CL兩Tc02共0兲共QLQL+1
⬘ − AL+1
⬘ BL兲共冑QLQL+1
⬘ − S L兲
共ALBL+1

⬘ 兲1/4共BL冑QL+1
⬘ − BL+1
⬘ 冑QL兲
2兩␤CL兩⌽0共QLQL+1
⬘ − AL+1
⬘ BL兲共冑QLQL+1
⬘ − S L兲
r2o共ALBL+1

共10b兲

where

ជ ⌿ − ⌿ⵜ
ជ ⌿*兲 − 兩⌿兩2Aជ ,
ជj2D = 1 共⌿*ⵜ
2D
2D
2i

共10c兲

is the density of superconducting current. The superconductជ
ing wave function satisfies the boundary conditions 兩共−iⵜ
2D
1
ជ
ជ
ជ
− A兲⌿兩n = 0 normal to the sample surface and A = A0 = 2 Breជ 
far away from the superconductor, where B is the applied
field. Here, the distance is measured in units of the coherence
length , the vector potential in cប / 2e, and the magnetic
field in Hc2 = cប / 2e2 = 冑2Hc. The superconductor is placed
in the 共x , y兲 plane, the external magnetic field is directed
along the z axis, and the indices 2D and 3D refer to two- and
three-dimensional operators, respectively.
By sweeping up and down the magnetic field, we can find
the different 共meta-兲stable vortex states and their stability
range. By comparing the dimensionless Gibbs free energies
of the different vortex configurations
F = V−1

冕

ជ − Aជ 兲 · ជj − 兩⌿兩4兴drជ ,
关2共A
0
2D

共11兲

V

,

共8兲
HLcrit = HL +

d
␦共z兲jជ2D ,
2

where integration is performed over the sample volume V,
we find the ground state.
The temperature is indirectly included in , , and Hc2,
whose temperature dependence is given by

.

冑兩1 − T/Tc0兩 ,

共T兲 =

冑兩1 − T/Tc0兩 ,

共9兲
Note that, for simplicity, the definitions of the quantities
␤, AL , . . . , SL used here are not entirely identical to those in
094519-3
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FIG. 2. 共Color online兲 Magnetic field dependence of the junction voltage 共current of 0.3 nA is applied兲 for the junction at the
narrowest part of the ring at 共a兲 0.9 K, 共b兲 1.05 K, and 共c兲 1.2 K,
and 共d兲 for the junction at the widest part at 1.2 K. The origin and
the scale of the ordinate are shifted for clarity. The arrows 关blue
共red兲 is for sweep up 共down兲兴 indicate the sweep direction of the
magnetic field. 关共c兲 and 共d兲兴 At 1.2 K, data obtained by sweeping up
and down the magnetic field coincide within the accuracy of the
measurement. 共The error is mainly due to the offset shift of the
voltage amplifier.兲

冏

Hc2共T兲 = Hc2共0兲 1 −

冏

T
.
Tc0

共14兲

IV. RESULTS
A. Transitions between fluxoid states

Figure 2 shows the magnetic field dependence of the junction voltages at a fixed small current of 0.3 nA for increasing
and decreasing magnetic fields at several temperatures. The
parabola-shaped voltage change is mainly due to a decrease
of the energy gap as a consequence of the supercurrent flowing underneath the junction.41 Thus, each parabola corresponds to a fluxoid state with a different fluxoid quantum
number L, and the voltage jumps or kinks between adjacent
parabolas are transitions between different fluxoid states. Because the separation between adjacent parabolas is close to
2
⬇ 8.85 mT, where reff = 冑riro is the effective radius
⌽0 / reff
of the ring,42 L changes by ±1 at each transition.
Let us examine the fluxoid-state transitions in more detail.
At low temperatures 关Fig. 2共a兲兴, clear voltage jumps and hysteresis are seen, which become smaller with increasing temperature 关Fig. 2共b兲兴. As predicted in Refs. 22 and 23, at temperatures close to Tc, the voltage discontinuities and the

FIG. 3. 共Color online兲 共a兲 Fluxoid-state transition fields for several temperatures. Open 共blue兲 and closed 共red兲 squares correspond
to transition fields for increasing and decreasing magnetic fields,
respectively, and the diamonds 共green兲 to the transitions without
hysteresis. The solid 共red兲 and dashed 共blue兲 curves correspond to
the theoretical expulsion and penetration fields obtained within the
framework of the nonlinear Ginzburg-Landau theory. The best
agreement with the experimental data was obtained for a system
with dimensions 5% smaller than the experimental sample and for
the coherence length num共0兲 = 120 nm. Contour plots of the calculated Cooper-pair density in linear scale are shown for the middle of
the 共b兲 first and 共d兲 third continuous transitions. The temperatures
are 1.2 and 1.0 K, respectively. Red 共blue兲 regions correspond to
high 共low兲 Cooper-pair density. At the white region, the Cooper-pair
density is less than 10−3 of the B = 0 value. 共c兲 A close-up of the
narrow part of the ring in 共b兲 but now in logarithmic scale. The
white and blue regions correspond to Cooper-pair densities which
are less than 10−5 and 10−4 of the B = 0 value, respectively.

hysteresis disappear 关Figs. 2共c兲 and 2共d兲兴, leading to continuous and reversible transitions. Notice that the voltage of the
2
B
narrowest part at applied magnetic fluxes ⌽ = reff
⬇ ± 0.5⌽0 is close to its normal state value 共see the voltage
at high magnetic flux, 兩⌽兩 / ⌽0 ⬎ 2.0兲 关Fig. 2共c兲兴, while that of
the widest part remains large even at ⌽ = ± 0.5⌽0 关Fig. 2共d兲兴.
This indicates that the superconductivity in the ring is weakened in a nonuniform manner.
Figure 3 summarizes the magnetic fields where the
fluxoid-state transitions occur for increasing 共open squares兲
and decreasing 共solid squares兲 magnetic fields. As temperature increases, the difference between the transition fields in
increasing and decreasing magnetic fields becomes smaller,
and finally, the transition becomes continuous 共diamonds兲.
In order to get a better understanding of the physics, we
compared our experimental results with theoretical calculations done within the framework of the GL theory. The
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dashed and solid curves in Fig. 3 indicate the theoretical
transition fields for increasing and decreasing magnetic
fields, obtained from the numerical solution of the nonlinear
GL equations. When comparing theory with experiment, we
found the best agreement, as shown in the figure, when the
sizes of the sample were chosen to be 5% smaller than the
experimental sizes and the coherence length num共0兲 to be
120 nm.43 At the widest part of the ring, a drain was added,
num共0兲 wide and 10num共0兲 long. This drain influences the
theoretical results for the 2 ↔ 3 transition and, to a very small
extent, also the 1 ↔ 2 transition, but not the 0 ↔ 1 transition.
By using perturbation theory,40 we estimated theoretically
the position of the critical points 共HLcrit , TLcrit兲: For temperatures below 共above兲 these points, the sample jumps discontinuously 共continuously兲 from one fluxoid state to the next
with 共without兲 hysteresis. We obtained the best agreement
between this perturbation approach and experiment by increasing ri by 30 nm, decreasing ro by 50 nm, and the coherence length perturb共0兲 = 135 nm.43 We found the critical point
at 共HLcrit共mT兲 , TLcrit共K兲兲 = 共4.1, 1.17兲, 共12.2, 1.20兲, and
共20.4, 0.93兲, for the first three transitions, which are comparable with the measured values 共4.5, 1.2兲, 共13.2, 1.2兲, and
共20.8, 1.0兲.
Thus, both theoretical treatments successfully reproduce
the experimental results with appropriate sample sizes as fitting parameters.
These theoretical analyses also predict how the transitions
between fluxoid states occur. In agreement with the previous
theories,22,23 our calculations show that the continuous transitions 共without hysteresis兲 are accompanied by vortices
which appear only during the transitions: as the magnetic
field is increased 共decreased兲, a vortex appears at the outer
共inner兲 edge of the ring, moves in the radial direction, and
finally disappears at the inner 共outer兲 edge.
In the first continuous transition 共L = 0 ↔ 1兲, the vortex
passes through the narrowest part of the ring. The calculated
Cooper-pair density in the middle of the transition at 1.2 K is
shown in Fig. 3共b兲 in linear scale. The vortex core where
兩⌿兩 ⬇ 0 共white region兲 extends across the whole width, and
the distribution of the Cooper-pair density around the core is
almost uniform in the radial direction, corresponding to the
1D vortex. On the other hand, for the third continuous transition 共L = 2 ↔ 3兲, a vortex appears at the widest part. Here,
the width of the widest part 共0.34 m兲 is comparable to the
temperature-dependent coherence length num共T = 1.2 K兲
= num共0兲 / 共1 − T / Tc兲1/2 = 0.35 m, so that the vortex has a 2D
character, i.e., the Cooper-pair density varies in the radial
direction around the core, as shown in Fig. 3共d兲. In the second transition, the place where the vortex passes sensitively
depends on the sizes of the ring. For the best sizes found in
the calculations, the vortex enters through the widest part of
the ring in the numerical analysis, while it passes through the
narrowest part in the perturbation analysis. Nevertheless, in
both analyses, it is common that the temperature range for
the second continuous transition to occur is very small 共about
10 mK兲. These features are confirmed experimentally, as described below.
We conclude this section by looking at the Cooper-pair
density at the first vortex penetration in more detail. Figure

3共c兲 shows a contour plot of the calculated Cooper-pair density for the first vortex penetration in logarithmic scale. One
can find the 2D distribution of the Cooper-pair density
around the center of the vortex. Thus, strictly speaking, i.e.,
from a mathematical point of view, the Cooper-pair density
vanishes only at one point in the narrowest part. However, as
shown in the figure, the vortex core is strongly anisotropic
and the Cooper-pair density is almost zero 共兩⌿ / ⌿0兩2
⬍ 10−4兲 across the whole width of the narrowest part of the
ring 共兩⌿0兩2 is the Cooper-pair density at B = 0兲, so that the
coherent superconducting order parameter is practically broken at the narrowest part. Therefore, such a state can be
called a “quasi-1D” vortex, which is equivalent to the 1D
vortex in 1D rings.23 Notice that this is similar to a timedependent phase slip center seen in narrow superconducting
wires,44 with the difference that here it is a stable phase slip
center frozen in “time” and “space.” This point will be explained in more detail in Sec. V.
B. Temperature dependence of the junction resistances

The position of the vortex at the continuous transition
共i.e., whether the vortex passes through the narrowest or the
widest part of the ring兲 can be inferred from a resistance
measurement. Figures 4共a兲–4共d兲 show the temperature dependence of the junction resistance R normalized by its normal state value Rn for B = 0 关Fig. 4共a兲兴 and for magnetic field
values close to those of the fluxoid-state transitions without
hysteresis 关Figs. 4共b兲–4共d兲兴. Generally, as superconductivity
develops, the value R / Rn increases due to the smaller density
of states at low energies and is given by a universal function
of the energy gap and the temperature,45

冋

⬁

冉 冊册

⌬
⌬
R
K1 m
= 2 兺 共− 1兲m+1m
k BT
k BT
Rn
m=1

−1

,

共15兲

within the BCS theory for B = 0. Here, K1 is the first order
modified Bessel function, ⌬ the energy gap, kB the Boltzmann constant, and m an integer. This universality is confirmed for our junctions as shown in Fig. 4共a兲, where both
the ratio for the narrowest part, 共R / Rn兲N, and that for the
widest part, 共R / Rn兲W, have the same temperature dependence
and are in good agreement with Eq. 共15兲 共solid curve兲 at
temperatures close to Tc.46 On the other hand, for the first
transition 关Fig. 4共b兲兴, 共R / Rn兲N stays close to 1 between 1.2 K
and Tc共4.5 mT兲 = 1.32 K, while 共R / Rn兲W increases as temperature decreases below Tc共4.5 mT兲. The temperature range
where the increase in 共R / Rn兲N is suppressed agrees well with
the range where the transitions without hysteresis is observed
共T 艌 1.2 K, see Fig. 3兲, strongly indicating that a stable vortex exists in the narrowest part of the ring. Similarly, for the
third transition 关Fig. 4共d兲兴, the increase in 共R / Rn兲W is suppressed in comparison with 共R / Rn兲N in a wide temperature
range, indicating that a vortex is situated in the widest part of
the ring. On the other hand, for the second transition 关Fig.
4共c兲兴, the difference between 共R / Rn兲N and 共R / Rn兲W is rather
small, corresponding to a narrow temperature range for the
existence of the vortex, which is derived in the theoretical
analyses described above. Thus, the position of the vortex
agrees well with the theoretical results.
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FIG. 4. 共Color online兲 关共a兲–共d兲兴 Temperature dependence of the
zero-bias junction resistance R normalized by its normal state value
Rn for junctions attached to the widest part 关closed 共red兲 circle兴 and
the narrowest part 关open 共blue兲 square兴 of the ring for applied magnetic fields of 共a兲 0, 共b兲 4.5 mT, 共c兲 13.4 mT, and 共d兲 20.0 mT. The
magnetic field values for 共b兲–共d兲 are close to those of the fluxoidstate transitions without hysteresis. The resistance was obtained
from a linear fit of the I-V curve at 兩V兩 ⬍ 50 V. In 共a兲, the theoretical R / Rn ratio 关Eq. 共15兲兴 is also shown 共solid curve兲. 共e兲 Temperature where the resistance ratio R / Rn reaches 1.05 is plotted as a
function of the applied magnetic field.

We repeated similar resistance measurements for many
magnetic field values with a step of 0.5 mT, and obtained
Fig. 4共e兲, which shows the temperature where R / Rn becomes
1.05 as a function of magnetic field. A steep decrease of the
temperature around ⌽ / ⌽0 ⬇ ± 0.5 for the narrowest part confirms the penetration of a vortex, but the width of the dip
共⬇2.5 mT兲 is still larger than the theoretical field region for
the existence of the vortex core 共⬇0.3 mT兲, indicating that
the Cooper-pair density starts decreasing as a precursor of
the vortex penetration. For the third transition, this precursor
is also seen, but now for the widest part of the ring.

V. DISCUSSIONS

We emphasize that the quasi-1D vortex we observed at
the continuous transitions is not due to a thermally activated
process. The present vortex does not move when the magnetic field is kept fixed, i.e., the vortex is frozen in time and

space. The close agreement between our theoretical simulations and the experimental results shows clearly that the frozen vortex state is the ground state. Experimentally, this is
proven in Figs. 2共c兲 and 4共b兲, where the superconductivity at
the narrowest part is suppressed in the temperature range
where the hysteresis disappears. Note that during a thermally
activated transition, the order parameter would remain finite
everywhere in the ring,47 while in our case, it vanishes at
some place along the ring.
It is rather easy to show that the influence of thermally
activated processes is vanishingly small. The ratio Ea / kBT is
about 103 at T = 1.2 K 关Ea ⬃ VH2c / 8 is the condensation energy in the narrowest part of the ring with length
共T = 1.2 K兲 ⬃ 0.43 m, width w = 0.14 m, and volume V
⬃ wd = 0.0018 m3 in zero magnetic field兴, and hence, the
probability of the thermofluctuations ⬃exp共−Ea / kBT兲 is negligible at this temperature even if the order parameter is considerably suppressed at ⌽ = ⌽0 / 2, which gives Ea / kBT
⬃ 102.
Besides, the experimentally observed vortex state is completely different from what is seen in transitions accompanied by hysteresis. Actually, an earlier theoretical study31
showed that a transient state with a vortex sitting somewhere
along the superconducting ring is never stabilized when hysteresis is present, and our theoretical simulation shows that
this is the case for the present ring. This is also experimentally confirmed in, say, Fig. 2共a兲, where the junction voltage
at the transition is larger than the normal state value, showing that the narrowest part of the ring does not contain a
normal vortex core as the transient state. Notice that this is
not the case when the hysteresis disappears in Fig. 2共c兲,
where the junction voltage at the transition is the same as the
normal state value seen at high magnetic fields.
As described in Sec. IV, the position of the vortex at a
continuous transition depends on the magnetic flux. The reason why the vortex passes through the narrowest part of the
ring in the first continuous transition 共L = 0 ↔ 1兲 can be explained in the following way: At L = 0 under magnetic field, a
shielding supercurrent flows along the outer boundary of the
ring. Its nominal decay length, or the effective penetration
depth,44 is about 1 m, which is comparable to the sample
size. Thus, the supercurrent is distributed over the ring. Because of current conservation, the current density is maximal
in the narrowest place, and hence, the order parameter is
minimal there, resulting in vortex penetration at the narrowest place. For L ⫽ 0, the current from the magnetic flux
trapped in the hole sets in. This current flows along the inner
boundary of the ring and its direction is opposite to the direction of the shielding supercurrent, so that it is possible
that the current compensation leads to the vortex penetration
at the widest part of the ring. This is the simplest explanation
of the phenomenon. The existence of the thin Al drain lead
attached to the widest part of our sample does not cause a
serious change in this discussion; the sample shape and the
spatial current distribution still have mirror symmetry, so that
the position of the vortex penetration is limited to the narrowest and the widest part of the ring.
Here, we comment on the effect of the finite junction area.
In Fig. 5, we calculated the average of the order parameter
over the junction area, 兩⌿兩average, for the magnetic field of the
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VI. CONCLUSION

FIG. 5. 共Color online兲 The calculated average of the order parameter over the junction area for the magnetic field of the first
continuous transition. The junctions are placed at the center of the
narrowest part of the ring and at a distance of 0.09 m from the
outer boundary of the widest part. Squares indicate the results for
infinitesimal junction area, and circles for the junction area of 0.1
⫻ 0.1 m2. The insets show the Cooper-pair density at 1.2 K. The
hatched squares in the left inset and the dots in the right inset
indicate the junctions.

first continuous transition. We assume that one junction is
placed at the center of the narrowest part of the ring, and the
other at a distance of 0.09 m from the outer boundary of
the widest part. For a junction with infinitesimal area,
兩⌿兩average stays almost zero at the narrowest part above 1.2 K
共squares兲, while for a finite junction area 共0.1⫻ 0.1 m2兲,
兩⌿兩average slightly increases while the temperature decreases
to 1.2 K. This means that even if a vortex is situated at the
narrowest part of the ring, the probed Cooper-pair density 共or
measured junction resistance兲 may be slightly different from
the normal state value due to the finite junction area, and
shows a temperature dependence. Thus, the slight change of
共R / Rn兲N between 1.2 K and Tc共4.5 mT兲 = 1.32 K in Fig. 4共b兲
is attributed to the effect of the finite width of the junction
area.
Finally, we comment on the possible existence of the
quasi-1D vortex in a previous experiment. Liu et al.36 observed a finite resistance at ±0.5⌽0 well below Tc in a thin
hollow Al cylinder, which was explained by the global destruction of superconductivity due to the Little-Parks effect.
We argue that the result might also arise from the presence of
a 1D vortex due to small variations in the sample width,
which readily explains the observed decrease in the sample
resistance in comparison with the normal state value.
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