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Off-diagonal properties of the Feynman propagator and the Green function
for a bare Coulomb field
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Blinder [Phys. Rev. A, 43, 13 (1991)] has given an explicit diagonal form for the nonrelativistic Coulomb
propagator. His result is an infinite series involving Whittaker, Laguerre, Hermite, and error functions. However, he notes that at the nucleus, only error functions remain in the infinite series. Here, an off-diagonal
generalization of Blinder’s result at the nucleus is constructed. By relating this result to the Green function, it
is then shown that one is led in this latter representation to an explicit sum of Blinder’s infinite series. Finally,
contact is established between the present off-diagonal study and the recent work of Chibisov et al. [Phys. Rev.
Lett. 84, 451 (2000)] on the Coulomb Green function.
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Though numerous studies now exist of the nonrelativistic
Feynman propagator for a bare Coulomb field, the most explicit result known to the present writers is that contained in
the work of Blinder [1], where earlier references may be
found. Because the first part of the present Brief Report is
concerned with a direct generalization of Blinder’s work, we
shall adopt his notation below. Thus, we define the Feynman
propagator in terms of Coulomb wave functions n共r兲 with
corresponding energies En as
K共r1,r2,t兲 =

兺n n共r1兲*n共r2兲exp共− iEnt兲.

共1兲

For compactness, Blinder introduces the variable ␤ = it and
then the propagator has the form of a statistical mechanical
density matrix 关with ␤ standing for 共kBT兲−1兴.
Blinder’s most explicit result is for the diagonal form
K共r , r , ␤兲. This is given in his Eq. (31) as an infinite series
involving Whittaker, Laguerre, Hermite, and error functions.
However, at the nucleus r = 0, he notes that K共0 , 0 , ␤兲 is
given explicitly by [his Eq. (32)]

Blinder’s form 共2兲. Following March and Murray 关2兴, we can
write from their Eq. 共3.1兲,
K共r,0, ␤兲 = 共2␤兲−3/2exp共− r2/2␤兲 + O共Z兲,

where evidently at r = 0 the O共Z兲 contribution in Eq. 共4兲 is
Z / 2␤ from Blinder’s result in Eq. 共2兲 above. Denoting the
O共Z兲 term in K共r , 0 , ␤兲 by K1共r , 0 , ␤兲, the March-Murray
result 关3兴 is then 共see also March, Young, and Sampanthar
关4兴兲
K1共r,0, ␤兲 = 共2␤兲−3/2

冉

⫻exp −

K1共r,0, ␤兲 = −

兺

⬁

1
+
Z3exp共␤Z2n/2兲erfc共− Zn冑␤/2兲:Zn = Z/n.
2 n=1 n

兺

共2兲
Having referred to the statistical mechanical density matrix
with ␤ ⬅ 共kBT兲−1 above, we next note that March and Murray
关2,3兴 gave a quite explicit perturbation expansion in the potential energy V共r兲, throughout the present Brief Report specialized to the Coulomb form
V共r兲 = V共兩r兩兲 = − Z/r
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冕

r1 + 兩r − r1兩
r21兩r − r1兩

冊

1
共r1 + 兩r − r1兩兲2 dr1 ,
2␤

共5兲

冋 冉 冑 冊册

exp共− r2/2␤兲
i erf
r
23/2冑␤
Z

ir

2␤

. 共6兲

This expression 共6兲 is plotted as a function of r for the two
values of ␤ recorded in Fig. 1. We have confirmed that, in
spite of its superficial appearance, Eq. 共6兲 does indeed exactly represent the purely real quantity K1共r , 0 , ␤兲 given by
Eq. 共5兲. Higher-order terms are immediately available from
the March-Murray perturbation theory: it will be convenient
below to formally subsume these into a “remainder”
R共r , 0 , ␤兲 defined by
K共r,0, ␤兲 − 共2␤兲−3/2exp共− r2/2␤兲 − K1共r,0, ␤兲 = R共r,0, ␤兲.
共7兲

共3兲

of K共r1 , r2 , ␤兲, with plane waves constituting the unperturbed form. Here, we shall be able to make some analytical
progress with the off-diagonal generalization K共r , 0 , ␤兲 of

Z
2

which can be evaluated to give

⬁

1
Z
+ 3/2
Z2
K共0,0, ␤兲 = 共2␤兲−3/2 +
2␤  共2␤兲1/2 n=1 n

共4兲

R共r , 0 , ␤兲, of course, is intended thereby to represent the
summation of all terms of O共Z2兲 and higher, and thus we can
write by comparison of Eqs. 共2兲 and 共7兲 that
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FIG. 1. The O共Z兲 term [Eq. (6)] K1共r , 0 , ␤兲 in the March-Murray
expansion for the propagator K共r , 0 , ␤兲 for the Coulomb potential.
Results are shown here for Z = 1 and for the values ␤ = 0.01 and
0.025

FIG. 2. Equation (14) for the Laplace transform of the remainder term R共0 , 0 , ␤兲. The case Z = 1 is shown.

兺

兺

⫻erfc共− Zn冑␤/2兲.

共8兲

兺n

n共r1兲*n共r2兲
.
E − En + i

共9兲

We next note the important connection, to be exploited below, that the Laplace transform 共⬅L兲 of K共r1 , r2 , ␤兲 with
respect to ␤共→E兲 is related to the Green function by
LK共r1,r2, ␤兲 = G共r1,r2,− E兲.

⌿共x兲 =

L关共2␤兲

exp共− 冑2Er兲
.
exp共− r /2␤兲兴 =
r
2

共10兲

共11兲

But the corresponding free-electron Green function
G0共r , 0 , E兲 is given by the outgoing spherical wave
G0共r,0,E兲 =

exp共ikr兲
,
r

k2
⬅ E,
2

共12兲

LR共0,0, ␤兲 = −

L关共2␤兲

exp共− r /2␤兲兴 = G0共r,0,− E兲.

共13兲

The merit of Eq. (10), with the special case (13) corresponding to Z = 0 in the present Coulomb study, is that it can
be used to sum the infinite series of terms in Eq. (8), as will
now be demonstrated. While, as is immediately clear from
Eq. (11), the Laplace transform of K共r , 0 , ␤兲 in Eq. (7) diverges as r → 0, the quantity R共r , 0 , ␤兲 defined in Eq. (7) has
a finite Laplace transform as r → 0. Thus, we can immediately focus on the Blinder form R共0 , 0 , ␤兲 in Eq. (8). Again,
using tables of Laplace transforms, we find

共15兲

冉

冊

Z␥ Z
iZ
− ⌿ 1+
冑− 2E .
 

R共0,0, ␤兲 =
2

d
ln ⌫共x兲.
dx

共16兲

We have not to date succeeded in inverting the Laplace
transform in Eq. 共14兲 by purely analytic means, but progress
has proved possible by combining the scaling properties of
the quantity R共0 , 0 , ␤兲, in which of course the dependence on
atomic number Z is implicit, with a formula for the inverse
Laplace transform due to Widders 关6兴. Taking first the scaling property of R共0 , 0 , ␤兲 given by Eq. 共8兲, it is a straightforward matter to demonstrate that

and hence
−3/2

共14兲

Though we have not presently succeeded in getting an explicit off-diagonal generalization LR共r , 0 , ␤兲 ⬅ ⌬G共r , 0 , −E兲
of Eq. 共14兲, we have thought it of interest to plot the righthand side of this equation for positive E in Fig. 2 for Z = 1.
For negative E, a slightly different formula is needed,
namely,

As the most elementary example, take the plane wave term
in Eq. 共4兲, and one finds from Laplace transform tables 关5兴
−3/2

冊

where ␥ ⯝ 0.577 is Euler’s constant while ⌿ denotes the
digamma function

We turn next to consider the Green function G共r1 , r2 , E兲,
which we again define, following Blinder’s Eq. 共6兲, as
G共r1,r2,E兲 =

冉

Z␥ Z
Z
− ⌿ 1−
,
冑
 
2E

LR共0,0, ␤兲 = −

⬁

⬁

1
1
R共0,0, ␤兲 = 3/2
Z2n +
Z3exp共␤Z2n/2兲
1/2
 共2␤兲 n=1
2 n=1 n

1
F共Z2␤兲.
共2␤兲3/2

共17兲

Our aim below is then to determine the function F共x兲
introduced in Eq. (17) using the result of Widders for the
inverse Laplace transform of a function f共s兲, namely,
L−1 f共s兲 = lim

n→⬁

冋 册

共− 1兲n n+1 共n兲
s f 共s兲兩s=n/t .
n!

共18兲

While we are not able so far to use Eq. (14) exactly, we
have verified that, to graphical accuracy, one can evaluate
Eq. (18) to n = 200, and the result thus obtained numerically
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1s共r兲 =

冉 冊
Z3


1/2

共21兲

exp共− Zr兲,

which yields almost immediately, since the bound-state energy ⑀0 = −Z2 / 2,
K共r,0, ␤兲␤→⬁ =

冉 冊
Z3


1/2

冉 冊

1s共r兲exp

Z 2␤
,
2

共22兲

and hence
共2␤兲3/2K共r,0, ␤兲␤→⬁ = exp共− Zr + Z2␤/2兲

共2␤Z2兲3/2
.

共23兲

This limiting form 共23兲 is also plotted at r = 0 as a function of
␤ in Fig. 3共b兲 and is in satisfactory accord with the approximation in which the n → ⬁ in the formula 共18兲 is replaced by
n = 200. We conclude therefore that K共0 , 0 , ␤兲 is known to
satisfactory numerical accuracy for all values of x = Z2␤.
From the investigation of March and Murray [3,4], we
have the integral equation for K共r , 0 , ␤兲 as
K共r,0, ␤兲 = K0共r,0, ␤兲 +

冕 冕

␤

dr1

d␤1K0共r,r1, ␤ − ␤1兲

0

Z
⫻ K共r1,0, ␤1兲
r1

共24兲

or
FIG. 3. (a) The quantity 共2␤兲3/2R共0 , 0 , ␤兲 for Z = 1, evaluated
using Widder’s formula for the inverse Laplace tranform of Eq.
(14), with n = 200; (b) 共2␤兲3/2K共0 , 0 , ␤兲 for Z = 1, evaluated from
Eq. (19). The small-␤ and large-␤ approximate forms of Eqs. (20)
and (23) at r = 0 are also shown for comparison.

for 共2␤兲3/2R共0 , 0 , ␤兲 is plotted as a function of ␤ in Fig.
3(a). But Eqs. (6) and (7) allow K共0 , 0 , ␤兲 to be determined
from
K共0,0, ␤兲 =

1
Z
+
+ R共0,0, ␤兲,
共2␤兲3/2 2␤

冉冊

共2兲 x
共2␤兲3/2K共0,0, ␤兲 = 1 + 共2␤兲1/2Z + 4冑
⌫共1/2兲 2

冉冊

3/2

+ ¯,

共20兲

where 共n兲 is the Riemann zeta function. As to the large-x
form, one knows that for sufficiently large ␤ the Feynman
propagator with ␤ = it is dominated by the lowest bound state
with wave function

冕

Z
dr1LK0共r,r1, ␤兲 LK共r1,0, ␤兲.
r1
共25兲

This is equivalent to the integral equation for G共r , 0 , −E兲:
G共r,0,− E兲 =

exp共− 冑2Er兲
+
r

冕

exp共− 冑2E兩r − r1兩兲 Z
兩r − r1兩
r1

⫻G共r1,0,− E兲dr1 .

共19兲

and using Fig. 3共a兲, 共2␤兲3/2K共0 , 0 , ␤兲 is shown as a function of ␤ in Fig. 3共b兲. For comparison, we show also in Fig.
3共b兲 both small x and large x analytical forms of
共2␤兲3/2K共0 , 0 , ␤兲. Specifically, the small-x form is readily
shown from the work of Blinder 关1兴 to be given by

共3兲 x
+ 4 冑
⌫共1兲 2

LK共r,0, ␤兲 = LK0共r,0, ␤兲 +

共26兲

Since the recent paper by Chibisov et al. [7] is also concerned with the Coulomb Green function, it seems appropriate to establish contact between their work and our own studies. First, we note the spatial generalization of Kato’s
theorem by one of us [8], namely,
2Z

= − s共r兲,
r
a0

共27兲

where Z is the atomic number, a0 is the Bohr radius ប2 / me2,
while s共r兲 is the “s-state 共l = 0兲 only” contribution to the
total density 共r兲, Eq. 共27兲 being valid for an arbitrary number of closed shells. In passing, we note that Eq. 共15兲 of
Chibisov et al. [7] is a special case of Eq. (27) applying to a
single closed shell of principal quantum number n. Summing
their Eq. (15) over an arbitrary number of closed shells leads
directly to Eq. (27).
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However, the most important result of Chibisov et al. [7],
as indeed they stress, which follows from their Green’s function analysis, is their Eq. (10) which reads, in the present
context,

␥n共r,R兲 =

⬘ 共Zny兲n0共Znx兲 − n0共Zny兲n0
⬘ 共Znx兲兴
4Zn关n0
,
共x − y兲

x = r + R + 兩r − R兩,

y = r + R − 兩r − R兩.

共28兲

This implies that the Dirac density matrix for the nth closed
shell is itself uniquely determined by the s-state density
ns共r兲, or alternatively by its s-state wave function n00共r兲
1/2
= n0共r兲 / r = ns
共r兲. Whereas we have not presently been
able to sum Eq. 共28兲 over n to get ␥共r , r⬘兲, the result of
Komarov 关9兴 共and independently of Theophilou and
March 关10兴兲, which is valid for an arbitrary number of
closed shells for the total Dirac matrix, and reads

␥共r,R兲 = −

冉

1


−
共x − y兲  x  y

冊冋 冉 冊册
xy ␥s

x y
,
2 2

,

共29兲

closed form for ␥s共r , R兲 for an arbitrary number of closed
shells. The obvious merit of Eq. 共10兲 of Chibisov et al. [7] is
that only the diagonal density ns共r兲 is needed to determine
␥n共r , R兲, i.e., the total Dirac matrix of the nth closed shell.
In the above context, Heilmann and Lieb [11] have
summed the squares of the hydrogenic wave functions
nlm共r兲 over l and m and then over n from one to infinity, i.e.,
over the entire bound-state spectrum. It would be of interest,
we feel, if the nth shell Dirac matrix in Eq. (10) of Chibisov
et al. [7] had a limit as n → ⬁, but so far we have not been
able to prove, or disprove, such a conjecture. However, the
properties of the particular Whittaker function Wn as n → ⬁
(see Eq. (8) of Ref. [7]) seem to hold the key to establish, or
disprove, this speculation.
In summary, the main results obtained here are embodied
in Eqs. (6) and (14), which have led us to construct Figs. 1–3
above. We have also established the relation between the
study of Chibisov et al. [7] and the spatial generalization of
Kato’s theorem [8] set out in Eq. (27) above.

the s-state density matrix determines the total matrix ␥共r , R兲.
Unfortunately, to date we have not succeeded in finding a
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shows that, since

␥s共r,R兲 ⬅

兺

␥ns共r,R兲,

共30兲

closed shells
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