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The Coulomb interaction and the correlation of a remote electron with a single layer of graphene is investigated
in the presence of a magnetic field applied perpendicular to the graphene layer. The remote electron polarizes the
electron gas in the graphene layer, which we describe in terms of excitations of virtual plasmons in graphene.
The composite quasiparticle formed by electron plus polarization is called a plasmon polaron. The ground-state
energy of this quasiparticle is calculated within perturbation theory for remote electrons in different environments.
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I. INTRODUCTION

There has been growing interest in the electronic properties
of a single layer of graphene, especially those related to
the properties of plasmons,1 dynamical screening effects,2
and plasmon-phonon coupling.3 Recently, the interaction
between electrons and plasmons was also investigated both
theoretically4 and experimentally,5 and the concept of a quasiparticle termed plasmaron was introduced as a consequence of
this interaction. It is well known that the low-energy dispersion
in graphene is linear in the electron momentum, in stark
contrast to both two-dimensional (2D) and three-dimensional
(3D) conventional semiconductors. This comes as a consequence of the chiral and massless (Dirac-like) properties of
charge carriers in this material. Thus, not only the lower
dimensionality of this material but also the band structure give
rise to many unusual phenomena such as the anomalous quantum Hall effect,6,7 Klein tunneling,8,9 and Zitterbewegung.10,11
Graphene also possess a large electron mobility at room temperature which motivates further research for possible applications. The important quantities related to electronic properties
such as, for instance, the dielectric function and phonon and
plasmon dispersions must be carefully derived since they often
have no analog in usual 2D or 3D semiconductors.
In this paper we extend the previous study12 of the
interaction of a remote electron with a 2D electron gas (2DEG)
to the case in which the 2DEG is replaced by a single layer of
graphene. Though the essential elements of physics are similar,
the electronic properties of graphene are significantly different.
It is assumed that the remote electron is placed at a small
distance d away from the graphene layer and that it will induce
a polarization in graphene. The polarization is expressed in
terms of excitation of virtual plasmons. The interaction of the
electron with graphene results in the creation of a composite
quasiparticle termed plasmon-polaron. Essentially it is the
binding of an external electron to the graphene surface. This
quantity can be measured in a manner similar to the binding
energy of surface polarons, in which an electron outside the
crystal is bound to the surface of the crystal.13 The energy
spectrum is obtained by shooting electrons parallel to the
graphene layer. All these facts give an impetus for further
investigation on tunneling into (multilayer) graphene under
perpendicular magnetic fields.
We organize the paper as follows. In Sec. II we present
the theoretical model and derive relevant expressions for the
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interaction and the coupling between the remote electron and
the graphene layer. In the subsequent section, Sec. III, the
numerical calculations of the screening wave vector, Fermi
energy, and the energy difference due to a perpendicular
magnetic field are presented for concrete systems. Finally, we
summarize our conclusions in Sec. IV.
II. THEORETICAL MODEL

Let us consider a remote electron that is placed at a distance
d away from graphene. The presence of the electron induces
a modulation of the electron density n(r) in graphene. The
electron density in graphene is given by
n(r) =

N

j =1

δ(r − rj ) =

1 
nk exp(ik · r),
 k

(1)

with r = (x,y) being the 2D position vector, N being the
total number of electrons, and  being the system area.
Furthermore, nk is the Fourier coefficient with 2D wave
number k. The fluctuations of the density are described in
terms of collective excitations of the system, which in our case
are magnetoplasmons. When these excitations are formulated
in the quantum mechanical sense, the Fourier coefficient nk is
†
expressed via annihilation (ak ) and creation operators (ak ) for
†
each magnetoplasmon as follows: nk = λk (ak + a−k ), where
the coefficient λk will be defined later. The Hamiltonian of
the remote electron in a magnetic field that interacts with such
collective excitations in the graphene layer is given by

2 
e
1
†
p + A(r) +
h̄ωk ak ak + Hint .
H =
2me
c
k

(2)

The first term is the Hamiltonian of the remote electron
in a magnetic field, while the second term describes the
magnetoplasmons. The mass of the remote electron is, in
general, not the free electron mass m0 but me = meff m0 ,
where meff is the dimensionless effective mass. Further, the
interaction Hamiltonian Hint can be determined by evaluating
the potential Uin (r,z) induced by the remote electron and is
given by the Poisson’s equation
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 2
4π e
{n(r) − ns }δ(z),
∇2D + ∂z2 Uin (r,z) = −
κ

(3)
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2
where ∇2D
is the 2D Laplacian, κ is the dielectric constant of
graphene, and ns = N/  is the average electron density of
the graphene layer. The solution is given by
1  2π e
exp (−k|z|)nk exp(ik · r). (4)
Uin (r,z) = −
 k κk

The remote electron also induces an electrostatic potential on
its own, which obeys Poisson’s equation, while its form can
be written as
1  ex
U exp (ik · r),
(12)
Uex (r,z) =
 k k

The interaction Hamiltonian with the remote electron at
z = d, Hint = −eUin (r,z = d), takes the following form
 Vk
†
(5)
Hint =
√ exp(ik · r)(ak + a−k ) ,

k

where

where we have introduced the interaction strength Vk given by
2π e2
Vk = √
(6)
λk exp(−kd) .
κk
On the other hand, the Hamiltonian describing the motion of
electrons in the graphene single layer is given by
Hgr =

N


vF σ · (h̄kj − eA(rj )/c) +

N

j =i

j =1

e
, (7)
2κ|ri − rj |

n

where h̄ωn0 = En − E0 . On the other hand, from an explicit
evaluation15 of the double commutator, we find the following
relation:

 E k2
.
(9)
h̄ωn0 |n|nk |0|2 = ns
4π
n
√
Here ns is the concentration per unit cell ns = ns 3 3a 2 /2,
where a = aC−C is the carbon-carbon distance a = 1.42 Å.
The quantity E is the energy cutoff andis of the order of
√
3πt and t is the
the bandwidth15 E ≈ W , where16 W =
hopping energy t = 2.8 eV.10 Notice that the factor /(2π )
appears when going from summation to integration over k (see
Ref. 15 for details). Finally, one may argue that there is only
one collective excitation for each wave vector k within the
plasmon pole, so that one can put ωn0 = ωk , which leads to


Ek

Ukin (z) = − exp(−k|z|)

2

where σ = (σx ,σx ) are the 2D Pauli matrices. In order
to determine the coefficient λk and the magnetoplasmon
frequency we will use the f -sum rule derived for graphene. It
is obtained by evaluating the expectation value of the double
commutator [[H,nk ],n−k ] in two different ways.14 First, it is
known that the relation n|C|m = (En − Em )n|A|m holds
for any commutator with the Hamiltonian, that is, C = [A,H ].
Then it can easily be proven that

h̄ωn0 |n|nk |0|2 ,
(8)
n|[[H,nk ],n−k ]|0 = 2

h̄ωk λ2k = ns

2π e2
exp(−k|d − z|).
(13)
kκ
Within the self-consistent field approximation, the total
potential in the graphene layer at z = 0, Uktot (0) is given as a
sum of the external potential Ukex (0) and the induced potential
Ukin (0), such that Uktot (0) = Ukex (0)/ (k), where (k) is the
dielectric function. The induced potential in the region outside
the graphene layer is given by
Ukex (z) =

2

.
(10)
4π
The extension to the case in which a magnetic field is present
is even more straightforward than the case of conventional
semiconductors since the kinetic term is linear in the vector
potential A(r). Hence it will not produce any additional term
on either side of Eq. (10). By inserting the expression for λk
into Eq. (6), one arrives at

2π e2 ns gv W −kd
(11)
Vk =
e .
κ
h̄ωk 8π

(k) − 1 ex
Uk (0).
(k)

(14)

On the other hand, in classical electrostatics the interaction energy between a test charge placed at the point
(r,z) = (0,d) and the induced polarization is given by Wcl =
(−e/2)Uin (r = 0,z = d). Furthermore, if the motion of the
test charge at (r,z) = (0,d) is determined by the Hamiltonian
in Eq. (2), second-order perturbation theory gives Wqm =
|Vk |2 /(h̄ωk ). Upon comparing the two energies Wcl and
Wqm one finally obtains
ωk2 = ω02

(k)
.
(k) − 1

(15)

The first
plasmon frequency in graphene,
√ term is the usual
√
ω0 = α(gs gv π ns )1/4 qvF , where gs = 2 and gv = 2 are
the degeneracy factors for spin and valley (pseudospin)
degrees of freedom. Note at this point that the plasma
frequency in graphene depends on the electron density
like ω0 ∝ n1/4 , whereas in conventional semiconductors the
dependence is ω0 ∝ n1/2 . The second term in the previous equation, the factor (k)/( (k) − 1), describes the
modulation associated with the excitation of the electron
gas at finite k. It is believed that the transport properties in graphene supported by a SiO2 substrate are
dominated by charged impurity scattering. Then, it can be
proven that in the long wavelength limit (q → 0) and within
the random phase approximation (RPA) the dielectric function
can be approximated by2
qs
(k) = 1 + ,
(16)
k
where qs is the screening wave vector. The dielectric function
has the same functional form as in conventional 2D semiconductors, but qs depends in a different manner on the parameters
of the material. In the case in which a magnetic field is present,
the screening wave vector is given by
qs = qs0

D(E)
,
D0 (E)

(17)

where qs0 = gs gv e2 kF /(κh̄vF ) is the Thomas-Fermi wave
vector in the absence of a magnetic field and D(E) and D0 (E)
are the densities of states in the presence and in the absence
of a magnetic field. The density of states in graphene for
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B = 0 is given by gs gv |E|/(2π (h̄vF )2 ), while for the case
in which a magnetic field and short-range impurity scattering
are present17 it can be expressed as a series of the Gaussian
functions
∞ 

1
1
2
2
(18)
D(E) =
√ e−(E−Ensσ ) / .
2
π
2π
l
B
n=0 s,σ
The summation runs over both pseudospin (s = ±1) and
(usual) spin (σ = ±1) degrees of freedom. The broadening
of the levels, , is assumed to result from scattering
on
√
short-range impurities and is estimated as18 = 2/Ah̄ωc ,
with the dimensionless parameter A. The parameter A depends
on the concentration of impurities and lies in the range
A = 50–100, whereas it has larger values for cleaner samples.
While the cyclotron orbit
√ length is the same as in usual
semiconductors, lB = h̄c/(eB),
the cyclotron frequency in
√
graphene is given as ωc = 2vF / lB . As is well known, the
Landau levels in graphene
are not evenly spaced but rather
√
given as Ensσ = s nh̄ωc + σ μB B/2, where μB is the Bohr
magneton. The zeroth level is equally shared between the
valence and conduction band so that its degeneracy is twice
as small as the valley index s (gv0 = 1). The position of the
Fermi level EF is determined by the electron concentration
and at zero temperature is given by
ns =

EF

dED(E).

(19)

−∞

This formula is also valid when a magnetic field is present and
at larger temperatures since the cyclotron energy is usually
significantly larger than the thermal energy excitation h̄ωc
kB T . Having found the critical physical parameters of both
graphene and the remote electron, one may readily calculate
the ground-state energy of the remote electron interacting with
the graphene layer. This interaction is weak, and therefore we
are allowed to apply second-order perturbation theory to the
Hamiltonian, Eq. (2). The interaction term Hint introduces a
shift in the ground-state energy,
E = 12 h̄ωce + δE,

FIG. 1. The dependence of the screening wave vector qs (solid
curve) and the Fermi level EF (dotted curve) on the magnetic field
B (right axis). The wave vector qs is normalized to the value qs0 for
B = 0. The other parameters are given in the graph.

d = 20 nm outside the layer. The remote electron is assumed
to have a parabolic energy dispersion, with the effective mass
equal to that in GaAs, meff = 0.067. Later, other cases will
be considered. First, in Fig. 1 we show the screening wave
vector qs and the Fermi level (right axis) as a function of the
magnetic field, for an electron density ns = 1012 cm−2 . The
position of the Fermi energy varies with the occupation of
the Landau levels. Note that in contrast to the case of usual
semiconductors, the zeroth Landau level is always placed at the
Dirac point (E0 = 0), and its degeneracy is twice smaller than
that of the other Landau levels. In the limit of a small magnetic
field, the screening length reduces to the Thomas-Fermi value
qs = qs0 = 6.2 × 108 m−1 (corresponding length is λT F =
1.6 nm). In Fig. 2, we show the correction in the energy of
the remote electron δE vs magnetic field B, for various values

(20)

with
δE = −


|M0m |2
1 
|Vk |2
.
 k
h̄ωk + mh̄ωce
m

(21)

Note that the cyclotron energy of the remote electron (which
is outside) is now given as ωce = eB/(me c). The analytical
form of the matrix element is19 |M0m |2 = um e−u /m!. Since
it contains the factor um /m! like in the Taylor series of the
exponential function exp(u), the previous relation can be recast
in a more appropriate way:


∞
τ ωce
k|Vk |2 ∞
2
.
δE = −
dk
dτ exp − τ − k DB
2π h̄ωk 0
ωk
0
(22)
where DB (ξ ) = (lB2 /2)[1 − exp (−ξ )].
III. NUMERICAL RESULTS

The numerical calculations are carried out for a doped
graphene layer and the remote electron placed at the distance

FIG. 2. The correction in the energy of the remote electron δE vs
magnetic field B, for various values of d: d = 10 nm (solid curve),
d = 20 nm (dotted curve), and d = 30 nm (dash-dotted curve). The
graphene electron density was kept constant ns = 1012 cm−2 , while
the effective mass is meff = 0.067.
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FIG. 3. The remote electron energy shift due to the magnetic field
 = W (d,B) − W (d,B = 0) vs magnetic field B, at a fixed electron
concentration ns = 1012 cm−2 and a distance d = 20 nm. The solid
and dotted curves correspond to two different values of the Landau
level broadening parameter, A = 100 and A = 50 respectively. The
effective mass of the remote electron is meff = 0.067.

of the distance d: d = 10 nm (solid curve), d = 20 nm (dotted
curve), and d = 30 nm (dash-dotted curve). The absolute value
of the energy shift decreases with the distance as expected,
while the peaks follow that of the screening wave vector qs .
When an electron tunnels into the graphene layer, the
electron gains Coulomb energy W (d,B) = E(d,B) − E(0,B).
Since neither the ground-state energy of the electron, 1/2h̄ωce ,
nor the spin term depends on d, the energy difference W (d,B)
can also be expressed as12 W (d,B) = δE(d,B) − δE(0,B).
We are further interested in the influence of the magnetic field
(i.e., its contribution to the electron energy), so that (d,B) =
W (d,B) − W (d,0) will be calculated and analyzed. The
numerical values of  are given in Fig. 3 as a function of the
magnetic field for two different values of the dimensionless
parameter A: A = 100 (solid curve) and A = 50 (dotted
curve). Recall that the value of A depends on the concentration
of impurities and is larger for cleaner samples. The shape of
the curve is similar to the case in which the graphene layer is
replaced by a 2DEG, but note that the positions of the peaks
are different. This is due to the different spacing of the√Landau
levels in graphene following the square root law En ∝ n. The
peaks are essentially caused by the variation of the screening
wave vector (with B), since the plasma frequency and hence the
interaction coupling Vk depend on the factor (k)/( (k) − 1).
Next, we present in Fig. 4 the calculation of the energy shift
as a function of the distance d, for three values of the magnetic
field: B = 5 T (solid curve), B = 15 T (dashed curve), and
B = 30 T (dotted curve). The other parameters used in the
calculation are, as usual, ns = 1012 cm−2 and A = 100. Notice
that for small magnetic fields the value of  saturates for
larger distances. This can be explained partly by the fact that
the energy difference  is mainly determined by the magnetic
field and partly by the fact that the factor exp(−kd) is present
in both terms W (d,B) and W (d,0). For a large magnetic field,
B = 30 T, the difference is negative and saturates also but to
a large negative value (as can also been seen from Fig. 3).

FIG. 4. The energy shift  as a function of the distance d of
the remote electron to graphene for three values of the magnetic
field: B = 5 T (solid curve), B = 15 T (dashed curve), and B = 30 T
(dotted curve). Parameters are ns = 1012 cm−2 and A = 100.

In addition, the values of the energy shift could be useful
when the distance d is an integer multiple of the interlayer
distance in graphite d0 = 3.1 Å, and the remote electron
now has a Dirac-like energy dispersion. This is important
when we consider, for instance, a bilayer or a multilayer
graphene system. Figure 5 shows such results for d = 0d0
(solid curve), d = 1d0 (dashed curve), d = 2d0 (dotted curve),
and d = 3d0 (dash-dotted curve). As usual, the electron density
was kept constant at the value ns = 1012 cm−2 , whereas the
dimensionless parameter A has the value of 100. The peaks
are more pronounced since the values of d are small compared
to the previous case.

FIG. 5. The correction in the energy δE vs magnetic field B,
for different values of d as integer multiple of interlayer distance
d0 = 3.1 Å, of a multilayer graphene: d = 0d0 (solid curve), d = 1d0
(dashed curve), d = 2d0 (dotted curve), and d = 3d0 (dash-dotted
curve). The graphene electron density was kept constant ns =
1012 cm−2 , while the parameter A has the value A = 100.
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shift exhibits peaks at the same positions, but the difference in
absolute value is most pronounced between the two parabolic
cases. This is due to the fact that the effective mass meff =
0.067 is significantly smaller than that of a free electron.
IV. CONCLUSION

FIG. 6. The energy shift  due to the magnetic field as a function
of the magnetic field B for three cases: (1) the remote electron has the
mass in GaAs (solid curve), (2) the remote electron behaves like a free
electron (dashed curve), and (3) the remote electron with a Dirac-like
energy dispersion (dotted curve). Parameters are ns = 1012 cm−2 and
A = 100.

Next we investigate the effect of the dispersion relation of
the remote electron by considering cases in which the remote
electron has the mass of a free electron, or a Dirac-like energy
dispersion. The latter could be important for tunneling or interaction between two layers of graphene and can also been seen
in the results of the previous figure, Fig. 5. Note that in case
the electron does not have a parabolic energy dispersion the
formula, Eq. (22) is not applicable and the summation in Eq.
(21) has to be performed numerically. In the next figure, Fig. 6,
we show the energy shift  in the three following cases: (1) the
remote electron has a band mass equal to the GaAs band mass
(solid curve), (2) the remote electron has a free electron mass
(dashed curve), and (3) the remote electron possesses a Diraclike energy dispersion (dotted curve). In all cases the energy
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