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The configuration interaction method is used to obtain the magneto-optical absorption spectrum of a fewelectron (Ne = 1,2, . . . ,5) quantum dot containing a single magnetic ion. We find that the IR spectrum (the
position, the number, and the oscillator strength of the cyclotron resonance peaks) depends on the strength of
the Coulomb interaction, the number of electrons, and the position of the magnetic ion. We find that the Kohn
theorem is no longer valid as a consequence of the electron-spin-magnetic-ion-spin-exchange interaction.
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I. INTRODUCTION

The magnetic properties of group II-VI semiconductor
quantum dots (QDs) doped with magnetic impurities1 have
recently attracted considerable attention. Studies on those
systems have led to fundamental insights in magnetism and
resulted in, for example, different effective spin states.2 Such
a QD can exhibit robust magnetic-polaron behavior,3,4 ferromagnetic/antiferromagnetic states,5–7 piezomagnetism,8 and
shell structure,9–11 which can be probed experimentally2,4,12–15
and studied theoretically16–21 through optical spectroscopy and
FIR spectroscopy.22,23
Experimentally, one typically produces an ensemble of QDs
which are doped with a very low concentration of Mn ions
(Mn2+ ). Statistically, some of the QDs contain only a single
magnetic ion, as was recently confirmed in a CdTe “artificial
atom” deposited on a ZnTe substrate2 by using molecular
beam epitaxy growth. It is expected that such a hybrid QD
structure is promising for different applications, for example,
electronic and magnetic memories,24 nanomagnets,25 and
quantum computing.
The Mn ion in a Cd(Mn)Te self-assembled QD is isoelectronic with the QD electrons and only interacts with
these electrons via a zero-range spin-spin-exchange interaction
−
→ → −
−
→
that is Jc M · −
si δ(→
ri − R ). We recall that experimental
IR spectroscopy of a few-electron Inx Ga1−x As/GaAs QD
without a magnetic impurity were conducted in, for example,
Ref. 26 and studied theoretically in detail27 for up to Ne = 6
electrons. It was found that in a quadratic confined QD without
impurities, the cyclotron resonance spectrum was independent
of the number of electrons. This is the so-called “Kohn
theorem” extended to quadratically confined QDs. Here we
show that Kohn’s theorem breaks down in parabolic confined
QDs when a magnetic impurity is present and that the cyclotron
resonance spectrum changes qualitatively when the number of
electrons is varied.
To date, the FIR magneto-optical spectrum of Cd(Mn)Te
QDs containing few electrons has not yet been measured
experimentally or calculated. In this paper we calculate the
IR absorption spectrum in the presence of a magnetic field
for a QD with Ne = 3,4,5 electrons (the FIR spectroscopy for
the cases Ne < 3 can be found in Ref. 23), where electron
transitions are possible beyond the s orbital. We consider in
1098-0121/2011/83(7)/075419(6)

detail the special case that the impurity is located at the center
and off center [i.e., (0.5l0 ,0), l0 is the parabolic-confinement
length of the dot]. We show that by increasing the number of
electrons, the magneto-optical spectrum changes significantly
due to the shell-filling effect and the interaction of the
electrons with the Mn ion. Furthermore, for Ne > 2 electrons
exhibit p-p and even p-d exchange coupling with the Mn
ion leading to a larger number of electron-Mn-ion exchange
couplings.
The structure of the paper is as follows. Section II presents
the methodological approach and the most important results
obtained for three, four, and five electrons are given. Section III
concludes with the discussion on the influence of the electronelectron interaction and the number of electrons on the IR
absorption spectrum of the system.
II. MAGNETO-OPTICAL ABSORPTION ENERGY
A. Cyclotron resonance method for few-electron
QD doped with a single Mn2+

We consider few interacting electrons confined by a
parabolic potential with confinement strength h̄ω0 (tens of
meV9 ) embedded in a quasi-two-dimensional CdTe host
QD doped with a single Mn ion. The strength28 of the
electron-Mn-ion spin-spin-exchange interaction is typically
about Jc = 1.5 eVÅ2 . Here, we focus on many-body effects
on the cyclotron resonance (CR) energy. For details on the
methodology and the set of parameters used, we refer to
Refs. 9 and 7. In a nutshell, we have adopted the configuration
interaction (CI) method to build up the Hamiltonian9 matrix
and employ exact diagonalization7 (ED) to obtain numerically
the many-body eigenstates. Note that due to the spin-exchange
interaction of the electrons with the Mn ion, the eigenvalue of
the total angular momentum L and the total electron spin Sz
are no longer good quantum numbers and the Hamiltonian
needs to be built up in the entire Hilbert space. This rapidly
increases the size of the Hamiltonian matrix, where the
increase (a factor of six) due to the relatively large spin
size 5/2 of the Mn ion has also to be taken into account.
Substantial effort has to be made to numerically implement
the diagonalization to obtain the FIR spectrum for Ne > 3
electrons.
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The oscillator strength (OS) of the intraband electron
transitions (from ground state i to excited state j ) are
calculated using the transition amplitude
Aij =

Ne



→
 ±iθp  −


j →
i −
r1 , . . . ,−
r1 , . . . ,−
r→
r→
Ne r p e
Ne ,

(1)

p=1

with its corresponding transition energy Eij = Ej − Ei . i(j )
is the many-body wave function7 of state i (j ), which is a linear
combination of all possible Nc quantum state wave functions
ψi(j ) where ψi(j ) is a product of electron Slater determinants
and spin component of the Mn ion for configuration i (j ). The
chosen basis consists of Fock-Darwin orbitals in a magnetic
field (cyclotron frequency ωc ). We included a sufficiently large
number of single-particle quantum states (Fock-Darwin levels)
to ensure numerical convergency. All allowed transitions
with OS exceeding 1% are retained. Notice that due to spin
exchange of the different types of particles, different types of
transitions where the z projection of the total spin of electrons
and the spin of Mn ion balance each other become possible,
leading to several CR peaks in the absorption spectrum.
The number of nonzero transition elements increases in
the presence of a Mn ion as a consequence of the electronspin-Mn-exchange interaction, which removes some selection
rules. Moreover, different electrons in different orbital states
lead to different allowed transitions.
The single-electron energy diagram in the case without a
Mn-ion is depicted in Fig. 1 as function of the applied magnetic
field. We indicated the allowed transitions by dash-dotted
arrows for the case of two magnetic field values. We add the
electron Zeeman term to the theoretical Fock-Darwin levels
to distinguish the ±1/2 spin states. Without the Mn-ion,

Single-electron levels ( meV)

f
200

d
150
5
4

5

100 p

3
3

4

-5/2,-3/2,...

50 s
0.0

2

2
1

1

0.5
Ωc=ωc/ ω0

1.0

FIG. 1. (Color online) Single-particle energy levels (without
Mn ion) and allowed electron transitions for two magnetic fields
(separated by dash-dotted rectangular box) for Ne = 1–5 electrons
referred by numbers 1 to 5. The transitions are indicated by dashdotted arrows colored, respectively, by the color of the final-state
energy level. Big black arrow (bottom right) stands for a Mn ion
with six possible Mz values. Transitions indicated by small enclosed
rectangles become forbidden when Ne increases due to the Pauli
exclusion principle.

the absorption spectra are independent of Ne for parabolic
confinement due to Kohn theorem.29,30
We introduce right- and left- (circular-) polarized eigenmodes σ − and σ + , which, respectively, refer to right and left
circular light. σ − and σ + connect the Fock-Darwin (initial and
final) states with positive (l = 1) and negative (l = −1)
difference of azimuthal quantum number, respectively. It is
possible that σ − (σ + ) has different frequencies (absorption
energy branches), say σα−1 (σα+1 ),σα−2 (σα+2 ), . . ., corresponding
to the transition of different electrons. For simplicity in
notation, we drop the subscripts α1 ,α2 , . . . when classifying
the right- (left-) polarized eigenmodes in the σ − (σ + ) group.
Configuration information is included to clarify different
electron transitions.
In our calculation of the absorption spectrum,
we use a Lorentzian broadening σi (E) = j {( ij /π ) ·
fij /[(E − Eij )2 + ij2 ]}, allowing us to simultaneously
observe the OS fij = 2Eij /h̄ωH · |Aij |2 /lH2 and its transition
energy Ej − Ei , where ij is taken to be 10 μeV. We define
ωH = ω0 (1 + 2c /4)1/2 , where c = ωc /ω0 is the hybrid
frequency and lH = [h̄/(m∗e ωH )]1/2 is the new length scale.
The other parameters used in this paper are applicable to a
II(Mn)VI Cd(Mn)Te QD, which has the Landé g factors ge =
−1.67, gMn = 2.02, effective mass m∗e = 0.106me , dielectric
constant = 10.6, and effective Bohr radius aB∗ = 52.9 Å.
The ratio λC = l0 /aB∗ is defined as the Coulomb interaction
strength.
B. Numerical results
1. Three-electron QD

Given that the position of the Mn ion affects the
electron-Mn-ion ferromagnetic-antiferromagnetic (FM-AFM)
transition,7 the CR spectrum of a three-electron QD for two
typically different Mn-ion positions RMn = 0 and RMn = 0.5l0
exhibits significant differences particularly in the presence of
low-OS transitions as a consequence of the spin exchanges
(see Figs. 2 and 3). The spin exchanges for the latter case
(RMn = 0.5l0 ) are larger than that for the first case due to
the absence of coupling between the s orbital with the p
and d ± [(nr ,l) = (0, ± 2)] (as the lower states) orbitals when
the Mn ion is located at the center of the dot. For the FM
phase we have the spin state Sz = −1/2 in the latter case
which compares to 1/2 in the first case. As a consequence, its
ground state has only the quantum state (n,Lz ,Sz ,Mz ) = (0,1,
− 1/2, − 5/2) as its main contribution while (0,1,1/2, − 5/2)
and (0,1, − 1/2, − 3/2) are the quantum states for the first
case. Therefore, the number of allowed electron transitions
from the ground state for the first case when the system is
in the FM phase (six) is larger than that for the latter case
(three or four), as can be seen from Figs. 2 and 3. The
contribution (0,1, − 1/2, − 3/2), which becomes dominant in
the excited-state wave function, is ascribed to the presence of
the double right-polarized modes (of the spin-down s electron
+
and spin-up p(n
electron) as peaks 1 and 2 and double
r ,l)=(0,1)
left-polarized modes as the other two large-OS peaks (4 and
6) for c = ωc /ω0 = 0.02 (≈0.15 T). For c = 0.1, this
(0,1, − 1/2, − 3/2) configuration is ascribed to the presence
of the whole triple left-polarized modes as peaks II, III, and
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FIG. 2. (Color online) Magneto-optical absorption spectrum of
a many-electron (Ne = 1–5) QD for c = 0.02 (solid black curves)
and 0.1 (dash-dotted red curves) in case the Mn ion is located at the
center of the dot for λC = 0.5. Numbers are added on top of the CR
peaks for distinguishability and for discussion. The absorption energy
for the case without a Mn ion is plotted for reference (bottom figure).

IV (see Fig. 2). The very-low-OS (4% of the total OS) peak
(number 3) is the left-polarized mode combining the σ + (s)
of the spin-down s electron and the p+ electron where the
configuration (0,1, − 1/2, − 3/2) strongly dominates the final
state.
Increasing the field to c = 0.1 results in a change of the
absorption spectrum as shown by the dash-dotted red curves
in Fig. 2, where there is only one right-polarized mode (the
largest-OS peak labeled by number I). The triple left-polarized
modes are the CR lines that combine the σ + (s) of, respectively,
the two s-electron transitions and the spin-down s-electron
I
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and the p+ -electron transitions (double). In fact, the FM-AFM
transition for RMn = 0 and RMn = 0.5l0 occurs at, respectively,
c = 2.3 and 0.04 (see Ref. 7). It means that one can observe
the FM-AFM transition in the CR energy for the latter case
in Fig. 3 as an increase in the number of CR peaks (from
three to four). It is worth noting that with the presence of
the Mn ion it now becomes possible to observe transitions of
the different electrons, that is, different σ + and σ − (e.g., for
c = 0.1), and the separation in energy will be much more
pronounced for the highly polarized case. For RMn = 0.5l0 in
the FM phase, the three peaks are the absorption energies from
the right-polarized mode and the double left-polarized modes.
The number of CR peaks increases when the system transits
to the AFM phase as can be seen from Figs. 2, 3, and 4. In the
high-field region where only the spin-exchange interactions
are active without changing Mz or Sz , the number of major
CR peaks is four (Fig. 4), as compared to three for Ne = 2,
which refers to the two modes (σ − , second-largest-OS peak;
σ + , largest-OS peak) of the outermost electron and the other
two (σ + ) for the s electron (the third-largest-OS peak) and the
p electron. Using the quantum-state wave function formalism,
the ground state which has (n,Lz ,Sz ,Mz ) = (0,3,3/2, − 5/2)
as its largest contribution will have four major electron
transitions to (0,3,1/2, − 5/2) (σ − ), (1,1,1/2, − 5/2) (σ + ),
(1,0,1/2, − 5/2) (σ + ), and (0, − 1,1/2, − 5/2) (σ + ). Note
also that in the very-high-field limit, there is an influence of
the exchange interaction on the CR spectrum, as seen in the
separated peaks which merge in the absence of the Mn ion.
The polarized light couples only with the center-of-mass
motion of the electrons. The above phenomenon where the
different electron transitions of the three-electron QD are
found to be different is a result of the coupling of the electron
relative motions with their center-of-mass motion through
the electron-Mn-ion spin-exchange interaction term. These
spin-exchange elements depend on the quantum orbitals that
the electrons occupy and on the position of the Mn ion inside
the dot. This leads to a coupling that is different for different
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FIG. 3. (Color online) The same as Fig. 2 but for the case that the
Mn ion is moved to (0.5l0 ,0). For Ne = 4 we added also the data for
c = 0.05 by the gray dotted curve. The numbers on the top of each
peak are given for distinguishability and for discussion.
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FIG. 4. (Color online) Magneto-optical absorption spectrum of a
many-electron (Ne = 2 and 3) QD at high magnetic field c = 2.6
(≈19.5 T) in case the Mn ion is located at the center of the dot for
λC = 0.5.
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FIG. 5. (Color online) Coulomb interaction strength dependence
of the magneto-optical absorption spectrum of a three-electron QD
for c = 0.1 in case the Mn ion is located at the center of the dot.
The absorption energy for the same QD in case without electronelectron interaction for Ne = 2 electrons (dash-dotted line) is plotted
for reference.

electrons. In addition, the electron-electron interaction now
turns out to be important in characterizing the absorption
spectrum because its form depends on the electron relative
→
coordinate (∝1/|−
rij |). As proven for a two-electron QD,23 the
Coulomb repulsion “weakens” the spin-exchange interaction
and reduces substantially the exchange energy contribution
to the FIR spectrum as compared to that for the case of
the noninteracting QD system. For 2 < Ne < 6 electrons, the
ground state of the FM phase partially fills the p orbitals.
The latter exhibits a maximum exchange energy for a Mn-ion
position different from the center of the dot—the case for
the s orbital (Ne  2 electrons). The λC dependence of the
IR spectroscopy results in changes, as shown in Fig. 5 for
c = 0.1. The smaller λC the stronger the influence of the
exchange energy on the electron transitions which results in
almost equal large-OS peaks for the extreme case without
electron-electron interaction. The smallest-OS peak discussed
above for λC = 0.5 becomes more pronounced for smaller
λC . The influence of the Coulomb interaction on the IR
spectroscopy will be further examined for Ne = 4 and 5
electrons.

RMn = 0.5l0 , the system (in the FM phase) exhibits states
Sz = −1 ( c < 0.04), Sz = 1 (0.04  c < 0.1), and 0 for
the remaining FM region (0.1  c < 2.5). The intermediate
states are Sz = 1 ( c < 0.1) and 0 (0.1  c < 3.87) for
RMn = 0. Respectively, the number of CR peaks changes
as shown in Figs. 2 and 3. This first intermediate FM state
(Sz = 1) in case RMn = 0 exhibits six major transitions (three
right- and left-polarized combined modes) where the larger
the CR peaks, the more dominant is the contribution of the
final-state configurations appropriate to the ground-state wave
function consisting of (0,0,1, − 5/2) (strongly dominant) and
(0,0,0, − 3/2) (slightly larger than 0). These transitions can
be schematically described in the example inside the black
dash-dotted rectangle in Fig. 1. The remaining intermediate
state (for c = 0.1) has two large peaks that are the rightand left-polarized combined modes. Differences occur due
to the position of the Mn ion, as illustrated in Fig. 3. The
first intermediate FM state (Sz = −1) exhibits two major
transitions (for c = 0.02) while the second intermediate FM
state (Sz = 1) exhibits four major transitions (for c = 0.05).
Differences induced by the Mn-ion position are found to
be similar as in the Ne = 3 case. The number of nonzero
exchange elements increases reducing the energy difference in
the resonant absorption energy. Consequently, for c = 0.02,
only single right-polarized and single left-polarized modes are
recognizable, as shown in Fig. 3. For c = 0.05, we have a
very interesting situation. The system has both the properties
of the previous case RMn = 0 because of the same Sz = 1 and
the strong effective electron-Mn-ion interaction because of
RMn = 0.5l0 . The ground-state mixes several quantum states
of Mz = −1/2, − 3/2, and −5/2 (Sz + Mz = −3/2). The
number of major CR lines increases (four), as shown by the
dotted gray curve in Fig. 3 with two right-polarized and two
left-polarized combined modes.
We note that for an even number of electrons (Ne =
2,4, . . .) the FM phase generally is not as pronounced as that
for the case of an odd number of electrons (Ne = 1,3,5, . . .)
and this fact leads to the appearance of only two major peaks
(Figs. 2 and 3) for c  0.1. Apparently, Fermi-Dirac statistics
plays an essential role because the filling effect, as seen clearly
in case Ne = 4 for the intermediate states Sz = ±1 and 0,
influences directly the spin-exchange interaction. To witness
a stronger influence of the electron-Mn-ion interaction on the
IR absorption spectrum for c  0.1, we refer to the AFM
phase.

2. Four-electron QD

Next, we discuss in more detail the low-magnetic-field,
say within the FM-state region, behavior of the four-electron
QD system. Note that the FM-AFM transition magnetic
field was found at c = 3.87 and 2.5 for RMn = 0 and
RMn = 0.5l0 , respectively. These transition magnetic fields
are considered moderate as compared to the critical field
at which the system becomes fully polarized. In the lowmagnetic-field region, the CR peaks give us information on
the spin exchange and are found as combinations of σ + (s)
or σ − (s) for different electrons. These peaks only become
more characteristic; that is, each of which corresponds to
a different transition referred to a different electron orbital,
with increasing field (as seen in the cases for Ne < 4). For

3. Five-electron QD

The IR absorption energies for Ne = 5 are different for
RMn = 0 and RMn = 0.5l0 when the system is in the FM phase.
This is similar to the case Ne = 3 (see Refs. 9 and 7) where
the system for small field ( c = 0.02) for RMn = 0 (Sz = 1/2)
reveals more peaks than for RMn = 0.5l0 (Sz = −1/2) because
of the spin-spin interaction. However, different from the
case Ne = 3 due to p-p (orbital) electron-electron interaction
effect, the absorption energies for Ne = 5 are considerably
different, for example, for c = 0.02. A left-polarized mode
can be at a smaller energy as compared to a right-polarized
mode. This is illustrated in Fig. 2 where the left-polarized
combined modes of the spin-down s-, spin-up p+ -, and

075419-4

INFLUENCE OF ELECTRON-ELECTRON INTERACTION ON . . .

spin-up p− electron and of the two spin-up p electrons are,
respectively, peak 2 and peak 6. The remaining peaks 4, 5, and
7 are, respectively, the right-polarized CR lines of the three
p electrons and the left-polarized CR line of the spin-down
s electron and spin-up p+ electron. The same remark holds
for RMn = 0.5l0 (Fig. 3) where the two largest-OS peaks
(2 and 3 in Fig. 2) are the left-polarized absorption energies. At
a larger field ( c = 0.1), there is only one right-polarized CR
line, which is peak I with the lowest transition energy. Three
remaining large-OS peaks (IV, V, and VI) are the left-polarized
modes combining the σ + (s) of, respectively, the spin-down
s electron and spin-up p− electron, the two p+ electron and
p− electron, and the two s electrons and spin-up p+ electrons.
Besides the major CR peaks discussed above, we note the
existence of the very-low-OS peaks (≈2%–5% of the total OS)
in all three cases of Ne that are an evidence of the influence
of the electron-Mn-ion interaction when the small component
to the ground state becomes the dominant one in the excited
states. These peaks are peak 5 (for Ne = 3) and peaks 1 and 3
(for Ne = 5) in Fig. 2 and peak IV (for Ne = 3) and peaks I,
II, and III (for Ne = 5) in Fig. 3.
III. REMARKS AND CONCLUSIONS

Magneto-optical absorption energy of a parabolic manyelectron QD in the presence of a magnetic impurity exhibits
a lot of anticrossings/crossings in the energy spectrum due
to the interplay of the different spin-exchange contributions.
Consequently: (1) different electron transitions are found, for
example, when the magnetic impurity is located at the center
of the dot for Ne > 2, and (2) there are low-OS CR peaks
along with the conventional ones. Positioning the Mn ion
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